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DISSERTATION ABSTRACT

Sean Patrick Robert Haight
Doctor of Philosophy in Mathematics

Title: Hermitian Jacobi Forms of Higher Degree

We develop the theory of Hermitian Jacobi forms in degree n > 1. This builds
on the work of Klaus Haverkamp in [Hav95|] who developed this theory in degree
n = 1. Haverkamp in turn generalized a monograph of Eichler and Zagier, [EZ85|.
Hermitian Jacobi forms are holomorphic functions which appear in certain infinite
series expansions (Fourier Jacobi expansions) of Hermitian modular forms. In this
work we give a definition of Hermitian Jacobi forms in degree n > 1, give their
relationship to more classical Hermitian modular forms and construct a useful tool
for studying Hermitian Jacobi forms, the theta expansion. This theta expansion
allows us to relate our forms to classical modular forms via the Eichler-Zagier map
and thereby bound the dimension of our space of forms. We then go on to apply
the developed theory to prove some non-vanishing results on the Fourier coefficients

of Hermitian modular forms.
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CHAPTER 1

INTRODUCTION

We develop core aspects of the theory of Hermitian Jacobi forms in degree
n > 1. This builds on the work of Klaus Haverkamp in [Hav95| who developed
this theory in degree n = 1. Haverkamp was in turn generalizing a monograph
of Eichler and Zagier |[EZ85|. Hermitian Jacobi forms are holomorphic functions
which appear in certain infinite series expansions (Fourier Jacobi expansions) of
Hermitian modular forms. In this work we give a definition of Hermitian Jacobi
forms in a higher-dimensional setting, give their relationship to more classical Hermitian
modular forms and construct a useful tool for studying Hermitian Jacobi forms,
the theta expansion. This theta expansion allows us to relate our forms to classical
modular forms via the Eichler--Zagier map and thereby bound the dimension of our
space of forms. We then apply the developed theory to prove some non-vanishing

results on the Fourier coefficients of Hermitian modular forms.

1.1 Motivation

Broadly speaking, the goal of this paper is add an additional tool to studying
a class of functions known as automorphic forms. These functions can generally be
thought of as holomorphic functions on some complex manifold, sometimes identified
with the moduli space of some family of geometric objects, that satisfy symmetry
properties with respect to a linear algebraic group that acts on the domain manifold.
Auotomorphic forms have broad applications in number theory, for example the
application of classical modular forms in Andrew Wiles’ solution to Fermat’s Last
Theorem. Today many mathematicians study automorphic forms as objects of

interest in their own right or to help shed light on a very broad family of conjectures



in the field known as the Langlands Program.

The study of automorphic forms can be divided into different subfields based
on the group that governs the symmetry of these forms. Classically this group was
SLy(Z) with which we associate classical modular forms. In his 1939 paper [Sie39)
Carl Ludwig Siegel introduced a higher dimensional analogue known as Siegel modular
forms which transform with respect to the group Sp,,(Z). The class of automorphic
forms that we are most interested in here are those known as Hermitian modular
forms introduced by Hel Braun in three papers, [Bra49|, [Brabla|, and [Bra51b] .
We give a formal definition and some introduction to the theory in chapter 3.

In |[EZ85|, Eichler and Zagier formally introduced Jacobi forms, a class of C-valued
functions on H x C that satisfied some symmetry conditions with respect to the
group SLy(Z) as well as some holomorphy conditions. Two important examples
include Jacobi’s theta function and the Weierstrass p function which parametrizes
the complex points of an associated elliptic curve. Jacobi forms also appear as

the coefficients in a certain series expansion of Siegel modular forms known as the
Fourier Jacobi expansion. In this way Jacobi forms have proven to be a useful tool
in studying Siegel modular forms.

In [Hav95| Haverkamp gives a generalization of the theory of Jacobi forms to the
setting of Hermitian modular forms, though only in degree 2. This paper is the
most direct logical predecessor to the current work. Even with this limit on the
degree, there are applications of this work, principally to the study of the Fourier
coefficients of Hermitian modular forms of degree 2, as in [AD19]. Our goal in this
work is to generalize Haverkamp’s work to an arbitrary degree n. As an initial
motivation we hoped to extend the results of [AD19] and generalize similar results
of [BD22|. As often happens, we found an insurmountable difficulty that is discussed

in the final chapter.
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1.2 Description of results

Our primary result is the following. Let K be a quadratic imaginary field with

ring of integers O.

Theorem 1.1. Let ¢ be an Hermitian Jacobi form of weight k, degree n > 1 and
invertible index T'. Then ¢ has a theta expansion of the form
d(rowz)= Y h(r)r(rw,2) (1.1)
se(o#)" /Ton

where each hg 1s a classical modular form.

Here w,z € C" and 7 € H the complex upper-half plane. We define 07 5 in
Equation (4.7). This is Theorem 5.5 in the main text. In Chapter 2 we give new
definitions of Hermitian Jacobi forms in degree n > 1. These directly generalize
those of Haverkamp. These definitions are chosen so that in Chapter 3 we can prove

the following proposition.

Proposition 1.2. Let F' be an Hermitian modular form. Then F has a Fourier

Jacobi expansion

FIIT Y= 3 éntrw2)erz) (1.2)

z T TEA,(O)

where each ¢r is an Hermitian Jacobi form.
Here
A(Ox) = {A € My(C)|A = X', ai; € Zay; € OF} (1.3)

and e(TZ) is shorthand for e?™*(74)_ This is Proposition 4.1 in the main text. We
give an introduction to the theory of Hermitian modular forms in Chapter 3 before

this proposition.
11



Chapter 4 is the technical heart of the paper. In this chapter we first introduce our
theta functions and explain the existence of the expansion given in Theorem 5.5.
The bulk of this chapter is establishing Proposition 4.8, a transformation law for
these theta functions under an action of a congruence subgroup of SLy(Z). The fact
that each h, in the theta expansion is a modular form will eventually follow from
this transformation law. In chapter 5 we begin by translating the transformation
law for the theta functions into transformations of the coefficients. After proving
the theorem above we move onto generalizing the Eichler--Zagier map and the twists
there-of to our setting. These functions, which take Hermitian Jacobi forms to
classical modular forms, are a central tool in [AD19]|, Anamby and Das’s paper on
non-vanishing fundamental Fourier coefficients. In chapter 6 we introduce some of
the theory of vector valued Hermitian modular forms in order to give some novel
applications of our work to the theory of Hermitian modular forms. In this chapter

we prove the following result.

Proposition 1.3. Let F' be a non-zero, possibly vector valued, Hermitian modular
form of degree n > 2. Then F has infinitely many non-zero Fourier Jacobi coefficients

with non-singular index.

The above result essentially tells us that each Hermitian modular form gives
rise to many Hermitian Jacobi forms. Using this and the theta expansion we prove

the proposition below.

Proposition 1.4. Let F' be a non-zero Hermitian modular form of weight k and

degree n > 2. Then F has infinitely many non-zero Fourier coefficients with index

12



7
A= such that

det(A) < Chp_y.p det(T)? (1.4)

where

(k — n)D313)
12

Ciknp = (1.5)

and D is |Ak/|, the discriminant of the number field K.

In the final section we explain the relationship between this work and the existence
of non-zero fundamental Fourier coefficients. As stated in the motivation the initial
goal of this work was to generalize [BD22, Theorem 1.1] of Bocherer and Das, stated

below, to the Hermitian setting.

Theorem 1.5 (Theorem 1.1 of [BD22]). Let F' be a non-zero vector valued Siegel
modular form of weight p and degree n. Suppose further that k(p)—4% > o(n). When
n is even, assume that F' is cuspidal. Then there exists infinitely many GL,(Z)

inequivalent matrices T € A} such that dr is odd and square free, and ar(T) # 0.

Anamby and Das have proven a similar result, [AD19, Theorem 1|, for Hermitian
modular forms when the degree n = 2 and heavily leveraged the theory of Hermitian
Jacobi forms in this setting. While we were not able to generalize the approaches of
either of these two papers here, we do outline the general strategy and where the

road blocks are to generalizing these approaches.

13



CHAPTER 2
HERMITIAN JACOBI FORMS
2.1 The Hermitian Jacobi Group

The goal of this chapters is to give the definition of Hermitian Jacobi forms in
degree greater than or equal to 1. Let n > 1 be a integer and K be a quadratic
imaginary field with ring of integer O. Let D = |Ag]| be the absolute value of
the discriminant of K. Hermitian Jacobi forms of degree n are functions ¢ : H x
C" x C" — C which satisfy some transformation properties and admit a Fourier
expansion. Before we can define Hermitian Jacobi forms, we need to define a group

action on H x C™ x C". Let
—t
U(n,n) := {A € My, (O): A J,A= Jn} (2.1)

0 —I,
where J, = . The group U(n,n) is the unitary group of degree n which
I, O

governs the transformations of Hermitian modular forms of degree n. We define a

right action of U(1,1) on C" x C" via
N ) - A= (N A = [@h + Garp, @ + @yl (2.2)

for any A, p € C* x C* and A = [a;;] € U(1,1). This action gives rise to the

following definition.
Definition 2.1. Define multiplication in 'y := U(1,1) x C*" via
(A, Xl) . (A, XQ) = (AlAQ,Xl . A2 -+ XQ) (23)

This group will be that which governs the transformation law of our Hermitian

Jacobi forms.
14



Let (1,w,z) € H x C" x C". Throughout the paper we consider w to be a row
vector and z to be a column vector. In order to define our group action of I'; on
H x C" x C™ we define actions of the two constituent groups. First for [\, u] €

C™ x C™, where both A and p are row vectors, we define
ou] - (7w, 2) = (rw 4+ AT+ 2+ X7+ 7). (2.4)

Here we write A for the transpose of a matrix. Often in related literature the convention

is YA. Next we consider the action of U(1,1) on (7,w, z). We also note that
U(l,1) ={eM : e € O*, M € SLy(Z)}. (2.5)

a b
For M = € SLy(Z) define M7 = ¢ and j(M, 1) = c7 + d. We define
c d

an action of U(1,1) on H x C" x C" by

M- w2 = (M 5 ) 26)

We then define a group action of I'y on H x C" x C” via
(A Dpl) - (1w, 2) = A= (D] - (7w, 2)). (2.7)
Remark 2.2. One can check that this is a well-defined group action by first computing
that, for A € U(1,1) and [\, u] € C" x C",
With the group actions defined above we can define associated slash operators.
Let ¢ : H x C* x C* — C be a function. For eM € U(1,1), A, u € C", an integer k
and T' € A,,(O) define
¢|T7k€M<Ta w, Z) = E_k(j(M, T))_ke (—C’U}TZ/](M, T)) gb (EM ) (Ta w, Z)) (29)
Ol p) (T, w, z) == e()\TXtT +wTN + AT'z)¢ (7‘, wH+ AT+, 2+ N+ ﬁt> :

(2.10)
15



2.2 Hermitian Jacobi Forms

In the previous section we introduced the transformation group for our Hermitian
Jacobi forms. The other condition on our forms is the existence of a Fourier expansion
of a certain form. In order to give this condition explicitly we introduce a couple
indexing sets for these expansions. Let O := \/Lﬁ(’) be the different of our ring of

integers.

Remark 2.3. The set O is the dual lattice of © with respect to the trace pairing

on K. In particular, for each a € O% and 8 € O we have

2Relaf] € Z. (2.11)
Define
An(O) = {A € My(C)|[A=A" ai; € Z,ay; € o#} (2.12)
and
A (O) :={A € A,(O) : A is positive definite } . (2.13)

Finally define our indexing set, for a matrix 7' € A,,(O),

n |m T
Sr =1 (m,r) €Zx (0F)": eN L (0)p. (2.14)
r T

Now we can define an Hermitian Jacobi form.

Definition 2.4. Let k be an integer and 7' € A, (O). A holomorphic function ¢ :

H x C* x C* — C is an Hermitian Jacobi form of weight k, degree n, and index T if

1. ¢ satisfies the following transformation laws

|l rA(T,w, 2) = ¢(1,w, 2) for all A € U(1,1) (2.15)

O\, pl(T,w, 2) = (7, w, 2) for all [\, u] € O™ x O" (2.16)
16



2. ¢ has a Fourier expansion

o(r,w, z) = a(m,r)e(mr +wr +7'2). (2.17)
(m,r)eSr

We call this space J7,(O) or just J7,, if O is clear from context.

These transformations given in condition (1) above can be rephrased as a single
requirement using the group I'; though we find it easier to think of these two transformations

separately.

17



CHAPTER 3
HERMITIAN MODULAR FORMS
3.1 Definition and Notation

Hermitian modular forms are a higher dimensional analogue of classical modular
forms, similar to Seigel modular forms. Whereas Seigel modular forms transform
with respect to the symplectic group, Hermitian modular forms transform with
respect to the unitary group U(n,n) for some integer n > 1. These objects were
first introduced in a sequence of three papers by Hel Braun |Bra49|, |[Brabla| and
[Brab1b|. Since their definition, these forms have grown to be an important class
of automorphic forms with a theory that parallels many of the developments in the
theory of Seigel modular forms. In this chapter we give an overview of this theory
and explain the relationship between Hermitian modular forms and Hermitian Jacobi
forms.

First define the Hermitian upper-half space of degree n by
H, :={Z € M,(C): (Z—72)/2i > 0}. (3.1)
The group U(n,n) has an action on #,, defined by
M(Z):=(AZ + B)(CZ + D)™! (3.2)

A B
for M = € U(n,n) and Z € H,,. Now we define Hermitian modular forms.

¢ D

Definition 3.1. Let £ be an integer. A function F' : H,, — C is a Hermitian

modular form of weight &, and degree n for the group U(n,n) if it is holomorphic

18



A B
and, for any M = € U(n,n) and Z € H,,, we have

D
F(Z) = F|yM(Z) :=det(CZ + D) ™" F(M(Z)). (3.3)

Here A, B,C and D are n x n block matrices. When n = 1 we require that F' be
holomorphic at the cusps of SLy(Z) as well. Concretely this means that we require
that F'(Z) is bounded as Im(z) tends to infinity. We denote the space of such functions
by M (O).

For a matrix B define e(B) = ¢2™B, Then a Hermitian modular form F has a
Fourier expansion

F(Z)= Y a(F Ae(AZ). (3.4)
AeA,(0)

If instead the above sum is over A (O) we say that F' is a cusp form.
3.2 Relationship with Hermitian Jacobi Forms

We now explain the relationship between Hermitian Jacobi forms and Hermitian
modular forms. The basic principle is that the Fourier series can be rearranged in
order to give F' as a sum of Hermitian Jacobi forms multiplied by an exponential
term. We first need a lemma in order to verify the transformation law of these

coefficients.
Lemma 3.2. Let u, A € O". Then for any T € A,,(O) we have that

AT + pTX € 7. (3.5)
Proof. We have, using the formula for the trace of a matrix product,

i=1 j=1

19



The terms for which ¢ = 7 are in Z since

Then we have

i=1 j=1
J#

tr(a' T + XtTu)
Since t;; € OF and ;\; € O, Remark 2.3 implies each term in the above sum is an
integer. Thus tr(z'TA + XtT,u) is as well. O

With this we can prove the that the Fourier Jacobi coefficients of an Hermitian

modular form are Hermitian Jacobi forms.

Proposition 3.3. Let F : H,1 — C be a Hermitian modular form of weight k. Let

I have Fourier expansion

AEAn+1(O)
For T € A,(O) define
m =t
op(T,w, 2) = a | F, e(ar +wr +7'2).
(m,r)EST r T
Then
T w
F = > or(r,w,2)e(T2) (3.9)
A TeA(O)

and each ¢ is an Hermitian Jacobi form of degree n, weight k and index T'.

Proof. First we address the holomorphy concerns of ¢p. The Fourier series of F’
converges absolutely on compact subsets of the domain H,, ;. Hence the sub-sum

m T m 7| |7

w
e(TZ)pr(r,z,w) = Z al| F, e (3.10)
(m,r)€Sr r T r T| |z Z

20



will converge absolutely on compact subsets of H,, and thus so too will the sum
defining ¢7. In particular we see that ¢ is a well-defined holomorphic function on
H x C* x C™ with the proper Fourier expansion.

In order to prove that ¢ satisfies the necessary transformation laws we first

need Equation (3.9). If

m T
€ Nl (0) (3.11)
r T
then 7' € A, (O). Observe that
m T |7 w
e(TZ)e(mr +wr +7'2z) =e : (3.12)
r T| |z Z

so that Equation (3.9) immediately follows from the definition of ¢r.

It remains to check that ¢ satisfies the proper transformation law. Let € €

a b
O* and M = € SLy(Z). Note that

c d
ea 0 e 0
0 I, 0 O
M = ceUmn+1,n+1). (3.13)
ec 0 ed O
0O 0 0 I,

Since F'is an Hermitian modular form of weight k, we have
F|yM =F. (3.14)

If follows from direct computation that

T w Mt _cw
M < > = ST (3.15)

z 7z M) Z — (cr+d)

21




Expanding Equation (3.14) using Equation (3.9) and comparing the coefficients of
e(T'Z) gives Equation (2.15) for ¢r.
Next consider our other transformation requirement. Let A, u € O™. Again, we

consider these as row vectors. To get Equation (2.16) for ¢r we use the matrix

1 0 0 u
~t ~t
AL, @t
N = A (3.16)
0 0 1 =X
o 0 0 I,
We have
T w T AT +w +
N< >= . . e o 3a7)
2 Z ATHT +z2 Z4+Xw+ 22 +7AA+ (AN p+7E )

If we expand Equation (3.14) using Equation (3.9) and compare the coefficients we

almost get the desired equality. On the left-hand side we have an extra term of
e(ATT! + pTN) = 1
by Lemma 3.2. Equation (2.16) follows. O

The expansion above is known as the Fourier Jacobi expansion of an Hermitian
modular form. By studying the Fourier expansion of Hermitian Jacobi forms, we
can get information about Hermitian modular forms, similar to the Siegel setting,

where the theory of Jacobi forms sheds light on Siegel modular forms.

22



CHAPTER 4
THETA EXPANSIONS

This chapter is the most technically dense. We introduce our theta functions,
relate them to Hermitian Jacobi forms and study their transformations. We’ll almost
exclusively be studying Hermitian Jacobi forms of positive definite index as non-
singularity of the index is required for the definition of the theta functions. Proposition

6.11 tells us this requirement is not too restrictive.
4.1 Definitions and Existence

Throughout this section let ¢ be a Hermitian Jacobi form of degree n, weight k
and index T' € A} (O) with Fourier expansion

o(T,w, z) = Z a(m,r)e(mr +wr +7'2). (4.1)
(m,r)eSr

Since T" € Af(O) we see that T is necessarily non-singular. We introduce some
notation that will be helpful for this section.

Define, for A € A,,(O)

| det <Z\/EA> | if n is even
d(A) := . (4.2)
‘\/’—% det (u/ﬁA) ‘ if n is odd
This quantity is called the content of the matrix A. For n > 1 and D € R let
D ifnis odd
E,(D) = : (4.3)

1 if n is even

This is a correction term to d(A) that is necessary to relate the content of an n x n

matrix to the content of an n 4+ 1 x n + 1 matrix. Finally let

Iry = {N € Zng : +35T s € Z} . (4.4)

N
E,(D)d(T)
23



This will be the indexing set of our theta coefficients. The main result of this sections

18

Proposition 4.1. Let ¢ be as above. For s € ((9#)" and an integer N > 0 define

asiron(N) = a(m,r) (4.5)
m T
if r =s (mod TO™) and N =d . Define for € H and w, z € C",
r T

he(T) := Z asiron(N)e (WT) (4.6)

]VEIT7S
QT,S(Tv w, Z) = Z € (FtT_er + wr + th) . (47)
re((’)#)n

r=s (mod TO™)
Then we have
d(rw,z)= > h(r)br(r,w,2) (4.8)
se(o#)" yron
We will see that the quantity E,(D)d(7T") will be the level of the theta coefficients
hs of our Hermitian Jacobi form ¢. In order to prove Proposition 4.1 we need 4

preliminary results. We first argue that our theta functions are well-defined holomorphic

functions.

Proposition 4.2. Let s € (O#)". Then

Z e (FtT_er + wr + th) (4.9)
re(O#)n
r=s (mod TO™)

is absolutely and uniformly convergent on compact subsets of H x C™ x C".

Proof. Let K C H x C" x C" be compact.

24



First we find wy,wy, w3 > 0 such that

le (F'T~'r7)| < exp (—wil|r|[?) (4.10)
e (wr)] < exp (we|r[]) (4.11)
le (th)} < exp (wsl|r||) (4.12)

for all (1,w,2) € K and r € (O#)" with ||r|| sufficiently large. If d > 0 is the

minimal eigenvalue of 7! then
7T r| > d||r| (4.13)

This follows from the fact that, because 7! is a positive definite, Hermitian matrix,
T~ is orthogonally diagonalizable.
Since K C H x C™ x C" is compact we can choose some vy > 0 so that Im(7) > vy

for all (1, w,z2) € K. We have
e (F'T~'r7)| < exp (—2mdug||r|?) . (4.14)

Let w; = 2mwdvy. Inequalities 4.11 and 4.12 just follow from the Cauchy--Schwarz
inequality and the fact that w and z are such that (7,w, z) € K for some 7.

These together give
le (F'T'rr +wr +72)| < exp (—wir|[* + (w2 + ws)||r]]) (4.15)

for r with ||r|| sufficiently large. If 0 < wy < wy then for ||r|| sufficiently large we

have
—w|l7] P > —wr||7]]* + (w2 + ws)||7]]. (4.16)

Let M, = exp (—wa||r[|?). The for all (t,w,z) € H x C" x C" and (r € O%)" with

||7|| sufficiently large we have

le (T 'rr +wr +72)| < M,. (4.17)
25



By the Weierstrass M-test it suffices to show that

Y M <. (4.18)
re(O#)n
r=s (mod TO™)

Let A = {r € (O%)" :r = s (mod TO")}. We see that A is a shift of a lattice in C"

so that, for
Av={AeA:(N-1) <Al <N} (4.19)

we have |[Ay| < CN?" for some fixed constant C' and N sufficiently large. After
splitting sum (4.18) into a sum over N and a sum over Ay we see convergence

follows from the ratio test. O]

In order to ensure that the coefficients a,,ron(N) are well-defined, we need

the following lemma.

Lemma 4.3. Let r,m,s and p be such that

m T p S
, € Npia(0). (4.20)
r T s T
If s=r (mod TO™) and
m T s
det = det
7T s T

then a(m,r) = a(p, s)

Proof. There are two useful equations for this proof. Applying Equation (2.16)
with ¢ = 0 and comparing coefficients of e[m7 + wr + 7] in the Fourier expansion

of ¢ gives

a(m,r) = a(m + ATN + 71X+ 7N+ Txt) (4.21)
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for each A € O™.

Since T is non-singular we can write
det = det(T)(m — 7T 'r)

If
det(T)(m — rT'7") = det(T)(p — sT~'5")
then
m —rT~ 7 = p— sT715.
Let X = T~L(s — r) € O". We then compute
PN 4+ Ar + ATX =57 s — 7T 7.

Thus

a(m,r) = a(m + sT'5" —rT'7",5) = a(p, s)

as desired.

(4.22)

(4.23)

(4.24)

(4.25)

We need two more lemmas in order to prove Proposition 4.1. Both are of a

similar flavor and are used in comparing the Fourier expansion of ¢ with the theta

expansion.
Lemma 4.4. Let M € AS(O). Then d(M) € Zy.
Proof. First consider the case when n is even. Then

d(M) = ’det(i\/BM)‘ .
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We have det (2\/5]\/[) € O because iv DM € M,(0). Since M € A} (O) we have
M =DI'. Thus

det (NBM) = det(—ivVDM) = (—1)"det(ivVDM) = det(ivVDM).  (4.27)

Thus det ('n/ﬁM) € RN O = Z and since M is positive definite det(iv/ DM) # 0
and d(M) € Z~o

Now consider when n is odd. In this case we have

d(M) = %det(z’@M) . (4.28)

As in the preceding argument, \/_—% det(iv/DM) € R. We argue that % det(iv/DM) €
O. Let A = iv/DM. The important characteristics of A for the following are that

A = —Zt, a;; € Oanda; € ivVDO. Let S, denote the symmetric group on n
letters. We have

det(A) = Y (=17 [ aioo- (4.29)

O'ESn

Write S, = P]][Q where P={0c€ S, :0=0""} and Q = S,\P. Then

det(A) = Z(_l)o H Qio(i) T Z(_l)g H Qo (i) - (4.30)

oeP ceqQ
o W ve o # o~ w 1 1 X 0 Wi
For o € e have 1 50 we can pair summands of inde ith summands of

index o~ . We have

(—1)0 Haz"o.(i) = (—1)0_ Hai’a(i) = —(—1)0_ Ha(,(im (431)
(-7 [[ @ (4.32)
The terms in the sum over () after being grouped in this way will be of the form

2ilm(a) for some a € O. We have

—75%Im(a) = 2Re (ﬁa) €Z. (4.33)
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Now consider the sum over P. If ¢ is written as a product of disjoint cycles then
the order of ¢ will be the length of the largest cycle. We see that ¢ must be a product
of disjoint transpositions because ¢ has order two. Because n is odd o must have a

fixed point. If o(i) = ¢ then a; o) = a;; € ivDO. Hence

det(A) = > (-1)" [ [ aioi) € iVDO (4.34)
oeP
SO \/’—% det(iv/'DM) € ONR = Z. Thus d(M) € Z~, when n is odd. O

Lemma 4.5. Let s € (O%)". Then
E,(D)d(T)5'T 's € Z. (4.35)

Proof. First consider when n is odd. In this case we have

E.(D) =D (4.36)
d(T) = i\/Lﬁ det (iv/DT). (4.37)
We sce
d(T)T~' = £ det(sv/DT)(ivV/DT™) = Adj(ivVDT) € M,(O). (4.38)
Then
B, (D)d(T)sT s = thAdj(z’\/ﬁT)(z’\/ﬁs) co. (4.39)

We also have FE,(D)d(T)s'T~'s € R because T is Hermitian so E,(D)d(T)s'T 's €
Z as desired.

Now consider when n is even. In this case we have

E.(D) =1 (4.40)

d(T) = + det(iv/DT). (4.41)
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Note that the diagonal entries of Adj(iv/DT) are the determinants of form det(iv/DA)
for some A € A,,_1(O). Since n — 1 is odd we see that these diagonal entries lie in

iv/DO, as in Equation (4.34). Thus
d(T)T™ = +ivV/DAdj(ivVDT) (4.42)

is Hermitian with diagonal entries in DO and off diagonal entries in iv/DO. We

have

SAgt = Z CL“‘|SZ‘|2 + Z QRe[aijsis_j]. (443)
=1 1<j

Since a; € DO agls;|* € Z. Since a;; € iv DO we have a;;s; € O. Thus 2Rela;;s;5;] €

Z because 5; € O%. Thus d(T)sT~'s' € Z as desired. O
We now prove the existence of theta expansions for Hermitian-Jacobi forms.

Proof of Proposition 4.1. We first recall the setting. We have an Hermitian Jacobi
form ¢ with Fourier expansion
o(r,w, 2) = a(m,r)e(mt +rw +7'z2). (4.44)
(m,r)EST

Furthermore we have for 7 € H and w, z € C",

N
hs(T) = Z OgT0On (N)e (WT) (445)
NGIT,S
Oro(r,w,2) = > e(PT'rr+wr+72) (4.46)
'I’E(O#)n
r=s (mod TO™)
where
I =3 N €Zs: N +3T'seZ (4.47)
o = En(D)(T) |



and

asyron(N) = a(m,r) (4.48)
m T
ifr=s (mod TO") and N =d
r T
m T m T
First we argue that N = d for some € Ay11(0) with
r T r T
m 7
r = s (mod TO") if and only if N € Ir,. First suppose N = d . The
r T
fact that N € Z- is the content of Lemma 4.4.
. N —tr—
Consider 777 + 5'T~1s. We have
_ N +5 T s =m—7T 'r +3T s (4.49)
En(D)d(T) '

by Equation (4.22). An application of Lemma 3.2 shows that if r = s (mod T'O™)
3T 's — 7T 'r € Z. (4.50)

We then see that NV € I7 ;.

Next suppose N € I, then take m = m(N,r) = m + 7T 1r for any
m 7 m 7
r=s (mod TO") so that N =d . To see that > 0 use that,
r T r T

X1
for € C x C" we have

m 7| |w N -
[x_l Et] = |z1|? <T> + (z + T*lxlr)tT(:U + T zyr) >0

(4.51)
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T
as long as # 0. To get

> bhy=o(r,w,2) (4.52)

s€(O#)n /TO
write out both sums and use the argument above to realize (s, 7, N) — (m(N,r),r)

gives a bijection between the two indexing sets. O]

We will see that the functions hg are classical modular forms and, since the
Fourier coefficients of hy are directly related to those of ¢r (and hence to F'), we
can use our knowledge of classical modular forms to gain information about Hermitian

modular forms. We explain this process in more detail in Chapter 6.
4.2 The Transformation of Theta Functions

In order to prove that the h, are modular forms we will prove some transformation
laws for our theta functions and then use the transformation law satisfied by our
Hermitian Jacobi forms to translate these into transformation laws satisfied by the
hs. We introduce some notation.

We then define a character yp : Z — C by the Kronecker symbol

D
o= (7). (453)
This is a character modulo D because D is a fundamental discriminant. Recall the
group
a b
Lo(r) := €SLy(Z):¢c=0 (modr) p. (4.54)
c d

The primary result of this section is as follows:
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a b

Proposition 4.6. For the theta function 0r s and M = € Iy (E,.(D)d(T))
c d
we have
1 n —trp—1_/ —tr—1
OrslrnMJ = ———=—xp(d) Z e [a (2Re[s"T~'s'| + b5 T 's)] Oy

det(—iv/DT)

s'e(o#)" jTon

(4.55)

We follow Haverkamp [Hav95, Satz 4.5] closely for this proof. The steps are as

follows.

1. Introduce auxiliary functions @ and ¢ and prove these satisfy two useful transformations

by computing some related exponential integrals.
2. Relate these two functions to our theta functions using Fourier expansions.
3. Translate the transformation laws of ¢ and ¢ into those of the theta functions.
4. Relate a Gauss-like sum that appears to our character xp.

First we’ll introduce these auxiliary functions and prove two transformation laws

for ¢ and ¢.

a b
Definition 4.7. Let s,0,w,z € C", € I'y(E,(D)d(T)) and 7 € H. Again,

c d

we consider w as a row vector and s, and z as column vectors. Define

d(w, z) = e[wTz(ar + b)a) (4.56)
VYso(w, z) = Z e [F'Trr + (wr +7'2)(at + b) + 2Re[o'r]] . (4.57)
r=s (mod O™)

Similarly to Proposition 4.2 v, is given by a series that converges absolutely and

uniformly on compact subsets of C" x C".
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Remark 4.8. We assume that a # 0. If a = 0 then ¢ = +1 so E,(D)d(T) = 1. We
see E,(D) = 1 so that n is even and I'y(E,(D)d(T)) = SLy(Z). If we prove for any
M € SLy(Z) with a # 0 then we see that for any M € SLy(Z) with a # 0 we have

Or | rmM.J = Or,. (4.58)

Since J~'and JJ! have non-zero (1,1) entry we see that 07 4|7, A = 07
0 1

for every A € SLy(Z). In particular we have this equation for M.J when a = 0.

Thus we can assume a # 0 from here on out.

Now we prove the transformation laws for ¢ and .

Lemma 4.9. Let « € TO" and 8 € (O%)". Then we have
Plw+a", 2+ )t o(w+ a2+ a) =e [2Relbs'a — ao"T ' al] ¢p(w, 2)s - (w, 2)
(4.59)

and

o(w + B (JM7), 2+ BUIMT))(w + B (JMr), z + B(MT)) =
(4.60)

e [— (BtT’lﬁJMT FwT™ 8+ BT 12 + 2Re((d585 — catTflﬁ)))] d(w, 2)(w, 2).
(4.61)

Proof. First we consider the proof of Equation (4.59). We have

P(w, 2)hsq(w, 2) (4.62)

= Z e [wI''z(ar + b)a + T Trr + (wr +7'2)(ar + b) 4 2Re[a'r]] .
r=s (mod O™)

(4.63)
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Note that we can replace r in the above sum by r + a7 ' and it will leave the
whole sum unchanged because T 'a € O™. If we add and subtract b(a’r + 7o +

aa'T~'a) within our exponential then our rth term will be
e [wI'"z(ar + b)a+ T alar + b)a+ (W 'a+aT '2)(a)(ar +b)]  (4.64)
e [F'Trr + (wr +72)(at + b) + Fa(ar 4+ b) + @'r(ar + b) + 2Re[o'r]]  (4.65)
-¢[2Re[d" (aT ') — b7'a]] - e[—aba'T 'a].  (4.66)

Since a € T O™ we have &'T 'ar € Z so this last term is just 1. Since r = s

(mod O™) we have
e[2Re[b7'al] = e[2Re[b5'a]]. (4.67)
Hence our sum for ¢ - 1) has rth term

e[(w+a)T ' (z+ a)(ar +b)a] - e [F'Trr + ((w+a")r +7 (2 + a)) (a7 + b) + 2Re [5'7]]
(4.68)

e [2Re[e" (aT ') — b5'a]] .
(4.69)

From this our first transformation law follows.
Now we consider the second of these transformation laws. To prove this we make

another change of variables in our sum ¢(w, z)1(w, z). Note that
d(T)T~" = + det (z'\/BT) (iVDT)™' or +iV/Ddet (z‘\/ET) (iVDT)™'  (4.70)

depending on whether n is odd or even. In any event we see that E,(D)d(T)T'3 €
O". Thus ¢T3 € O". We exchange r for r — ¢T3
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After this change of variables we proceed by direct comparison of the sums in

Expressions 4.60 and 4.61. Since JMT = ﬁi, it suffices to show

Br+aB T2+ wT "B+ BT 'BIMT)) +78))(—cr — d)
(4.71)

= (—c(BT'B)+ 7B+ Br +awT B+ aB T '2)(—cr) + b(wT ™ B(—c) + (—c) (BT '2))
(4.72)

—dFB+Br) — BT s —wlB— BT BJMr (mod Z)
(4.73)

The difference of these two modulo 7Z is chtT_l £ which, by Lemma 4.5, is an integer.
[

Next our goal is to relate these functions ¢ and ¢ to our theta functions. The
basic idea is to study the Fourier expansion of the product and compute the Fourier

coefficients. From here we can use a change of variables to relate our function ¢ to

6.

Lemma 4.10. Let s = bT's — aoc and ¢’ = dT's — co. Then we have

e [?tT_ls'JMT + 2Re[sT'0'] | p(w, 2) - s (w, 2) (4.74)
= ~(0) Z e [mtT_l(s’ +g)JMT +wT (s + g) + mtT_lz + 2Re[mtT_la']
ge(o#)"
" (4.75)
for some constant (0).
Proof. Let
F(w, z) = ¢(w, 2)s o (w, 2). (4.76)

We follow the following steps:
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. Define a new function F and check the transformation

Flw+a' z+a)=F(w,z)
for all « € TO™.

. Write out the Fourier expansion of F and translate this to a series expansion

of F.

. Evaluate F'(w+ BtJ M, z+ BJMT) in two ways. First evaluate directly, using

step (2).

. Use the equality of 4.60 and 4.61 F(w + BtJMT, z 4+ pJMT) and perform the

change of variables g — g + [ on the sum.

. Compare the series in (3) and (4) and plug in g = 0 to get a formula for the

coefficients.

. Use (5) and the series expansion of F' to prove the equality of Expressions

4.90 and 4.91.

Step 1: Let F(w,z) = ¢(w, z)1p(w, z). Define

F(w,z)=e [—(wTs' + ?th) F(w,z). (4.77)

The transformation law for F' follows from Equation (4.59).

Step 2: We know Fis holomorphic on C" x C" because both ¢ and v are. By Step

1 we know that F is periodic with respect to the lattice

{(Et, a):a€ TO"} : (4.78)
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Because F is holomorphic F will have a Fourier expansion over the dual lattice of

the form

F(w,z) = ¥(Tg)elwg +7'2]. (4.79)
geT—L(O#)n

Then, after the change of variables g — T~ 'g, we have

F(w,z) = Z v(g)e [wT‘l(s/ +9) + (s + g)tT_lz] : (4.80)

ge(O#)n

Step 3: Let 8 € (O#)n Plugging in (w +BtJM7', z 4+ BJMT) gives

F(w+ B IMr, =+ BJIMT) (4.81)
= Z v(9)e [QRe[(s’ + g)tT_lﬁ]JMT] e [wT‘l(s' +g)+ (s + g)tT_lz] . (4.82)
gE(O#)n

Step 4: Note
d5'B — ' T8 = o/ T718. (4.83)
By Equation (4.59) we have,
F(w+B M7, 2+ BJM7) = e [— (BtT’lﬁJMT Y wT B+ BT+ 2Re[?tT*15]>} F(w,?).

(4.84)

Using the series expansion of F' and replacing the index g by g 4+ [ gives
F(w+ B JMr,z+ BJMr)

(4.85)

= Y g+ Be [— (BtT—lﬁJMT + 2Re[?tT—1ﬁ]>} e [wT—l(s’ Y+ (Erg) T .
ge(o#)n

(4.86)
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Step 5: Comparing 4.82 and 4.86 we see

Z ~v(g9)e [QRe [mtT’lﬁ} JMT] e[wl'g+9g'T '2] (4.87)
ge(0#)"

= Y g+ e |-BTBIMT — 2Relo" T ]| e [T g+ T 2] (4.88)
ge((’)#)n

If we compare the g = 0 coefficients then we get
+(8) = 7(0)e [(BtT*ﬂ + 2Re[§tT*15]) JMrT + 2Re[?tT*1B]] . (4.89)

Step 6: If we combine Equation (4.89) with 4.80 we get

e [?tT_ls'JMT + QRQ[QT_lJ/]} d(w, 2) - s o (w, 2) (4.90)
=9(0) Y e|TH g TS + )M+ wT N + )+ (g + ) T2 + 2Re[(s + ) T
gE((’)#)
(4.91)
where
o' =dT's —co and s = bT's — ao. (4.92)
as desired. O
Let
n=n(r,s0)=e [— (?tT_ls/JMT + QRG[?tT_IO'/D] 7(0). (4.93)
Lemma 4.10 then becomes
d(w, 2) - s o (w, 2) (4.94)
= Z [ S+ g) T (s + g)IMr+wl (s +g)+ (g + ) T2+ 2Re[(s + ) T "¢’
ge O#)
(4.95)

In the next lemma we compute the value of 1. In the process we’ll run into the

following Gauss sum.
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Definition 4.11. For T and a € Z non-zero , define

GTa= 3 Ftcﬂ |

seO™ [aO™

We'll also need the following lemma from Haverkamp’s thesis [Hav95]:

Lemma 4.12. For c € R and r,q € C with Im(q) < 0 we have

/1 - e[—qz* +rz]dz = (2iq) %€ (7% /4q] (4.96)

Lemma 4.13. We have

1 1 —
G(bT,a)e [—bds'Ts — aca"T~'o + 2adRe[c"T's]] .

n =

* det (—iv/DT) (alor + D))"
(4.97)

Proof. We start by multiplying both sides of equation from 4.10 by

e [— (?tT’ISJMT +wT s + ?tT’lzﬂ .

We write the left hand side as

> elR(q.w,2)]

qeon

where

R(q,w,z2) = wT 'z(at +b)(a) + (s + q)tT(s +q)T + (w(s +q)+ (s+ q)tz> (aT +b)
(4.98)
+2Re[ (s + q)] — STV IMr —wT ' — 5T 2.
(4.99)

The right hand side will be
n Z e [(TytT’lp — ?tT’ls’) JM7+ (wT Y p—5)+ (p— )T 2+ 2Re[p! T~ 1o]| .
p=s' (mod (O#)")

There are two transformation laws that R satisfies: Let g, h € C”
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—t

R(ag+h,w,z) = R(h,w, z)+<a2§tTg + 2Re|(ag) T(s + h)]) Ta(wg+g'z)(aT+b)+2aRe[c"g].

R(h,w+g'T, z+Tg) = R(h,w, z)+2aRe[c" g+ (7' 2+wg+g'Tg)(a)(aT+b)+2aRe[g" T (s+b)]7.

Both of these follow from direct computation.

From (1) and (2) above together we see that, for g,h € O™
R(ag + h,w, 2) = R(h,w +¢'T,z+Tg) (mod Z).

In order to compute 1 we set z = w' and integrate both the left and right hand
sides over C"/ (O"T'). We first consider the right side.

The right side is invariant under translation of w by a € O™T'. Our integral is

oY, I (4.100)

p=s’ (mod (O#)")

where
I(p,s") = / e [(wT’l(p — )+ (p— T + 2Re[p! T '0"]| dw. (4.101)
cr/onT
Note that if we substitute w + 3 for w we get
I(p, &) = ¢ [2Re[(p — ) T3] I(p, &) (4.102)

for any 3 € C". Hence I(p,s’) = 0 unless p = s’. After plugging in p = s’ our right

hand side becomes.

ne [2Re[s’tT_1a’]] vol (O"T) . (4.103)
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We have

vol (O"T) = det(T)*vol(O™) = det(T)? (@) : (4.104)
Thus our right hand side is
ndet(T)? (?) e [QRe[?tTfla'} (4.105)

Next we compute the left hand side. We have

/ Z e[R(t,w,w")] = / Z e [R(h,w+g'T,w" +Tg)] (4.106)
Cn/O"T con C/O™T heon /a0

.S /C e[R(h, w, )] (4.107)

heon [aOn
¢
h T T(h
-y [ R(h,w_ﬂ,wt_m> "
C a a
heOm™ /aO™
(4.108)
Recall that a # 0. Now we need to compute this integral. After expanding R and
simplifying the resulting expression breaks into two pieces:
/ e [wT'w'(a)(ar + b) — 2Re[wT '] dw (4.109)
C
¢
— 2 h) T h
Z e [2Re[e"(s + h)] — &/ T 's' JMT + ZRe[s/(h + s)] — (s +h) T(s + >b :
heOm /aO™ a a
(4.110)
First we’ll simplify (4.110). Our sum in (4.110) is
b _ -
e {—Eth — T IMr| GOUT, a). (4.111)
a

Now we consider (4.109). Since T' is Hermitian we can find another Hermitian matrix
G such that G? = T7!. Let v = wG and u = Gs'. Our integral is, after making the
substitution w — wG™!
det(T)/ e [v0'(a)(aT + b) — 2Re[vu]] dv. (4.112)
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If we break this integral into components and write v and u for v; and u; respectively

we’ll find

[/@ e [(v)*(a)(aT + b) — 2Re[vu]] dv} ' : (4.113)

Let v = x 4+ 1y and v = p + 1q so that our integral split into
/ e [2*(a)(at + b) — 2zp| dx - / e [y*(a)(at + b) — 2yq] dy. (4.114)
R R
Weview R = {z € C : Im(z) = 0} so we can apply Lemma 2.6. (b) from
Haverkamp’s thesis, Lemma 4.12 in this paper, to each of the above. We get that

the above integral is equal to

(4.115)

2(a)(aiT b)° [_az(i:f;} ‘

In total we find that our integral in (4.110) is equal to

det(T) (m) " [—m?:ﬂs’] . (4.116)

Combining 4.109 and 4.110 give the expression for the left hand side as

"T's — 2chRe[s'0] + o' T~ B b
e [bds'Ts — 2cbRe[s'0] + aca'T~'o| G(bT, a) det(T) (2a<m+ b>> . (4117

Setting expressions (4.116) and (4.105) equal and solving for 1 gives

1 7 [
= G(vT —bdsTs — aca'T o + 2adRe['Ts]| .
n aet(T) (\/5(&)(&7’ n b)> (bT, a)e [—bdsT's — aco o + 2adRe[c'T's]]
(4.118)
A slight simplification of the above gives the desired result. O]

Using this we can get a transformation for our theta function which, after

analyzing the sum G will be that given in Proposition 4.8.
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Proposition 4.14. We have, for M € I'y(E,(D)d(T)),

Or,s|7n(MJ) = (4.119)
1 1
- —G(bT,d ela (2Re[S'T s + bs'Tts)] - Op g
s'e(0#)" /Ton
(4.120)

Proof. Plugging in our value for n to Equation (4.10) gives

wT Tz

o - 4.121

Yr-tso (aT—l—b’aT—i-b) ( )
1 1] ———
G(T,a d (2Re[3' T s — b3'T1s)] - O, |70 [— T M].
/DT #Cena >, e[d(ReFTT) )] Omlal=TM]
se(o#)" /Ton
(4.122)

Recall we have
VYso(w, 2) == Z e [F'Trr + (wr +72)(ar 4 b) + 2Re[a'r]] . (4.123)
r=s (mod O™)

Using this and the change of variables r — T~ !r gives

wT Tz
proteo (aT—I-b aT—I-b) = bra(nw,2). (4.124)

After slashing both sides by M ~!J and replacing M~ by M we get, for any M €

Po(E,(D)d(T))
Ors|rn(MJ) = (4.125)
1 [
c—=G(=bT.d) Y ea(2Re[s'T's| +b5'T's)] - Ory.
det (~iv/DT) ve(or o
(4.126)
O

Our goal over the next few results is to show that w is a character modulo

E,(D)d(T) and that it does not depend on b. First we show that it is a group homomorphism
44



from the group I'g(E,(D)d(T)) to C*. In the process we’ll need to compute some

exponential sums that appear, for which we need the following lemmas.
Lemma 4.15. Let A € M,(O). Then [O™ : AO"| = Nm(det(A)).

Proof. See [Clal4, Lemma 1.15] for a proof of this claim. Here R = O, M = T and
A=0. O

Lemma 4.16. We have

0 ifs #0
> e2Re[FT'S]] = (4.127)
se(0#)"/Ton Nm(det(ivDT)) if s’ =0.
Proof. Suppose that s # 0. I claim 2Re(5,7's') & Z for some sy. Since we
know s’ & TO" we must have T7'(s') ¢ O". We can find s € (O%)" such that
2Re[50'T1s'] € Z™ because O is the dual lattice of O#%. With this choice of sq in

mind we have

e [2Re(soT's')] Z e [2Re(sT's")] (4.128)
se(o#)" /ron
= ) e[2Re(ST (s + s0)] (4.129)
se(o#)" jron
= > e[2Re(sT'Y)]. (4.130)

se(o#)" jTon

Since e [2Re(5o7's)] # 1 we must have that the sum is zero. If s = 0 then the

result follows from Lemma 4.15. ]
a b
Lemma 4.17. For M = € Do(E.(D)d(T)) let
c d
G(bT, d)

Then x(MM') = x(M)x(M).
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Proof. This result follows by applying Proposition 4.14 to 67,. By Proposition 4.14

we have
OrolrnMJ = XM) Y O (4.132)
det(— Z\/_T) ve(o#)" /Ton
Thus
O1.0l1n 01 o | 7.n . 4.133
T,O‘T, det( Z\/_T Z T, |T ( )

s’

Now again by Proposition 4.14 we have

1
Op o |lrn(—J )"G(-T, -1 e [—2Re[s" TS| Opgn. (4.134
el ) = S (A GT ) S [2Rels T b (4134
Direct computation from the definition gives G(—7,—1) = 1. In total we have
( -1/
OrolM = 2Rels’ Or . 4.135
ralM = MT 323 e e |- ")) o, (4.135)

By Lemma 4.16 we have

(="

O 0| M =
ol det(—iv/DT)?

x(M)Nm(det(iv/'DT))0r,0 (4.136)

= X(M)brp. (4.137)
Since 07y # 0 and the slash operator is multiplicative the desired result follows. [

Next we want to compute x (M) in the case that d is coprime to 2Dd(T). The
idea is to try and diagonalize b1 modulo d and then reduce to the one dimensional

case, which is solved by Haverkamp.

Lemma 4.18. We have for d coprime to 2Dd(T) and b coprime to d,

GO, d)/d" = (xp(d))" (4.138)
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Proof. Recall

GTa)= Y. eFtTﬂ. (4.139)

a
SeO” /aO™
We first reduce to the case when d = p”. We show that for coprime integers p and ¢

we have
G(0T, pq) = G(pT,q)G(qT, p). (4.140)

Note that (z,y) — pzr + qy gives a bijection from O"/pO™ x O"/qO™ to O™ /pqO™.
Thus

G(Tpg)= > e FtTS} (4.141)

SeO" /pgO™ pq

(D F T
-3 Y {x WD | 7 @hy +2Re[ftTy]} . (4.142)
zeOn /pycOn/q p 1

The result then follows from the fact that, since T € A,,(O) and z,y € O™ we have
2Re[T'Ty] € Z (4.143)

by Lemma 3.2. We can then reduce to the case when d = p" by splitting d into
prime factors in this way.

Since d is coprime to D we see that 4v/D is an invertible element of O /dO. If T
does not have entries in O then we can replace T' by DT by replacing s with iv/Ds
in our sum for G. We assume that 7" has entries in O.

Next I claim that we can find P € GL,(O/dO) such that P'TP is diagonal modulo
d. We prove the result by induction on the dimension n. The n = 1 case is clear.
Now suppose that we know that for any n x n half-integral Hermitian matrix R €
M, (O) with determinant coprime to p we can find an invertible G such that G'RG

is diagonal modulo d. Using our induction hypothesis it suffices to show that 7" is
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equivalent to a matrix
(4.144)

where R is an n X n Hermitian matrix.

First we argue that we can assume one of the diagonal entries of T is coprime to
p. To do this we construct a vector v such that v*Tv is coprime to p. We’'ll then
extend {v} to a basis for O"/dO" to get a matrix P such that P'TP has the first
diagonal entry coprime to p. Suppose that all the diagonal entries are divisible by
p. I claim that since det(T") is coprime to p we can find P such that P'TP has an
off diagonal entry a;; such that |a;;|? is coprime to p.

If p is inert we can take P = I,,,. This immediately follows from the fact that
det(T) is coprime to p. Suppose that p = pp. Let Q = {o € S, : 0 = o~ '}. Then,
after pairing the terms corresponding to o and o~! we have

n

det(T) = Y (=1)° Htm(i) =Y (=17 [ [ tiowy + D_(=1)72Re

€S oeQR i=1 oZ@Q

H tia(i)] .

=1

(4.145)

n

Since det(7) is coprime to p we must have either [}, t;(;) for o = o' or 2Re [Hi:l tw(i)]
for o # o~ ! not lie in p.

First suppose that [ ], Lis(i) 1S coprime to p with o = o~ L. Since t;; is divisible

by p by assumption we can find ¢ with o(¢) # i. Then |t;y(;|* divides the above

product and hence must be coprime to p.

Now suppose that 2Re [H?Zl tig(i)] is coprime to p for some o # o~!. Note that

none of the t;,(;) can lie in pO. If for some i t;p;) & p,Pp then we'll have |tip ) [?

coprime to p and we’re done. Consider when #;,;y € p or p for each i. Since o #

o~ we can choose iy with o(ig) # o '(ig). Without loss of generality assume
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tigo(io) € P. Then t; ,-1(;,) € p. Now choose P to be the elementary matrix which
replaces column o= (4) by column o—1(iy) added to column o (ig). Then P'TP will
have (ip, 07 (io)) entry ti, (i) + tig,o—1(io)- Oince ti o) & pO = p NP we see that
Lig,o(io) T tig,o—1(ip) does not lie in p or p and hence has norm coprime to p. Thus in
any event we can conjugate by an invertible matrix P and assume that 7" has an
entry t;; with |t;;|* coprime to p.

Let v = [v;] be a vector with v; = t;; and v; = 1 and all other entries zero.

Then
EtTU = |tij|2tii + 2’751']"2 + tjj (4146)

which is coprime to p. The set {v} U {ey }x; will give a basis for O™ /p"O". Let P
be the matrix with columns v, by, ...b, where by, ..., b, are the basis vectors chosen
above. Then the first entry of P'TPis coprime to p, as it is equal to v'Tv.

Thus in any event we can assume one of the diagonal entries of T" is coprime to p.
If one of the other diagonal entries is coprime, say t;; to p we can move it to the
front by reordering our basis. Thus we can assume ¢1; is coprime to p. Using this
and conjugation by transvections (; j(a) = I,41 + aE;; with ¢ # j) we can eliminate
the top row, and since our conjugation preserves the Hermitian property, it will
also eliminate the first column as well. To do this note that after conjugation by

t1j(a) our matrix has entry (1, j) entry given by
tij +atyy (4.147)

Since t; ; is coprime to p we can choose a so that this is congruent to zero. Since
this conjugation does not interfere with entries left of (1, ) we can progressively
reduce the entire first row to zero (except the very first entry). Then we can apply

the induction hypothesis to get the desired result.
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After a change of variables by our matrix P we can assume that T is a diagonal
matrix. Note that each of the diagonal entries must be coprime to p. Let m; be the
1th diagonal entry of T'. We can break our sum defining GG into a product of n sums
of the form

d e [%(8)} . (4.148)

S»L‘EO/dO

Now as long as d is odd, by [Hav95, Lemma .04|, we have

d e [%@)] = xp(d)d. (4.149)

$:€0/dO
From this the result follows. O]

Now we prove Proposition 4.8.

a b
Proof of Proposition 4.8. Let M = € I'y(E,(D)d(T)). By Proposition 4.14

c d
it suffices to show x(M) = xp(d)". This follows immediately from Lemma 4.18

when (d,2D) = 1.Suppose that d is not coprime to 2D. Let s be the product of all
prime factors of 2D not dividing d. Note that when the lower right entry of M’ is 1
X(M'") = 1. Then

1+ sd(T) s k%
X(M) = x(M)x =X : (4.150)
d(T) 1 x sc+d

Let p divide 2D. If p divides d then it doesn’t divide ¢ because ad — bc = 1 and

it doesn’t divide s by construction. Hence in this case p doesn’t divide sc + d.

If p doesn’t divide d then it must divide s by construction and hence sc. Since p
doesn’t divide d it doesn’t divide sc + d. Thus sc + d is coprime to 2D. We see
X(M) = xp(sc+ d)". If n is even then this is 1 because xp is a real character so

X(M) = 1xp(d)™ If n is odd then D divides ¢ and so xp(sc + d)" = xp(d)".

Proposition 4.8 then follows. m
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4.3 Linear Independence of Theta Functions

One of the important properties we’d like to know about our theta functions
is that they’re linearly independent. This allows us to conclude that if we have two
theta expansions that are equal, they must have identical theta coefficients, which

will become useful in the next chapter.
Proposition 4.19. We have, for s,s' € (O%)" with s # s’ (mod TO"),
/ 07 4(1,w, 2)07. (T, w, 2)dwdz = 0. (4.151)
Py
Here

P.:={(a+ Pw+~y7T + dwr,a + fw+ 7 + 0wT) : 0 < o, 5,7, <1} CC x C

(4.152)
and O =7 + w.
Proof. Let
Or,s(T, W, 2) = > e[d" T \or +wo +7'z] (4.153)
ac(O#)"
o=s (mod TO™)
Oro(rw,z)= > e[pTpr+wp+7'72]. (4.154)
pe(OF)n

p=s’  (mod TO™)
After exchanging the order of summation and integration integral 4.151 we get
Y e[dT o —p' T p7] I (4.155)

o
p

Il
R

S

where
I= / e [wo + 7'z — p'w' — Z'p] dzdw. (4.156)
P

Consider the substitution w — w + wz!, 2 = w' + wz. If we call this substitution

H:C" x C" — C" x C" then the equations below follow from direct computation:
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o det(H) = D"/?
o H\(P!) = ((C/Z+72)")".
Then
[=D" /( e (w(2Re[o]) + 2Re|wo]z — W(2Re[p]) — 2Re|wp]Z) dwd:.

(4.157)

If we write w = x1 4+ iy; and 2z = x5 + iy, then we get

I=D" / e [z1 (2Relo] — 2Re[p])] € [(2Re|wa] — 2Re|wp)]) x2] dzyidzoe [f(y1, y2)] dyrdys
(4.158)

for some unimportant linear function f. We see, after some potential shifting of the

domain, the integrals with respect to z; and z, are

/[oun ¢ [#1 (2Reo] — 2Re(p])] dz: - / ¢[(2Rewo] — 2Relwp]) zo] das.  (4.159)

(0,1]"
Since s #Z s’ (mod TO™) we must have o #Z p (mod T'O") which means in particular
that o # p. We must have either 2Re[o] # 2Re[p] or 2Re[wo] # 2Re|wp| since
otherwise o = p. Since o, p € (O%)" we must have 2Re[o], 2Re[wa], 2Re[p], and 2Re[wp]

must all lie in Z™. Thus I = 0 as desired and the result follows. O
Corollary 4.20. The collection {0} se(o#yn/ron 1 linearly independent over C.

Proof. Suppose we have

> el =0 (4.160)

SE(O#F)n /TO™

Then for any s’ € (O#)" /TO" we have

0= ch/ 0,0y dwdz = cS// 0y |2dwdz. (4.161)
S T Pr
52



Note that 6, # 0 on P,, plug in (7,0,0) for example, so that

/ |0y |*dwdz # 0 (4.162)
PT

and so we must have ¢y = 0 as desired. ]
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CHAPTER 5
THE EICHLER--ZAGIER MAP FOR HERMITIAN JACOBI FORMS
5.1 Eichler--Zagier Map

Now that we have theta expansions we can define an Eichler--Zagier map. This
will take our Hermitian-Jacobi form and give us a classical modular form. This will
be a generalization of a similar map from [EZ85|. We give a brief overview of the
original Eichler--Zagier map.

Given a classical Jacobi form of index m ¢ Eichler and Zagier give a series expansion

of the form

S(r2) = D hu(T)mul(7,2). (5.1)

o (mod 2m)
Each of the functions h,, is a classical modular form of half integer weight and the
map
$ > hu(dmr), (5.2)
p (mod ()2m)
the original Eichler--Zagier map, gives an isomorphism from the space of Jacobi
forms of index m and weight k& and a particular subspace of modular forms of weight
k—%. We generalize this map here and explore some of the relationship between our
Hermitian Jacobi forms and classical modular forms
First we need to translate the transformation law of our theta function into a transformation
law for our coefficients. Throughout let ¢ be an Hermitian Jacobi form of degree n,
weight k& and non-singular index 7" with theta expansion
¢= Y Or.h. (5.3)

s€(O#)n)TOn
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Let © = [0,],c(o#yn/ron and H = [hs] o#)n jpon S0 that ¢ = ©'H. We can define
slash operators component-wise on these vector-valued functions. Using the definitions

directly gives
(0'H) |71M = (O, M) H|x—y M (5.4)

for any M € SLy(Z). If we translate Proposition 4.8 into a law for © we find that if

1

Ur(MJ) = xp(d)"e [a (b5'T's + 2Re [$'T's])] (5.5)
det (~iv/DT) /
then
OlrnMJ =Up(MJ)O (5.6)
for any M € I'y(E,(D)d(T)).
We also have
1 1
0 =e[s'T7's] 0, (5.7)
Tn 01
so that
11 —t—1
UT O . = |:6s,s’€ |:S T S ]]S,SIE(O#)"/TO" . (58)

These two computations show that for every M € SlLy(Z) there exists some
matrix Up(M) such that O|7, M = Urp(M)O.

Our first goal is to show Up(M) is always unitary.

Lemma 5.1. Let M € SLy(Z). Then Up(M) is unitary.

1 1
Proof. Since Ur is multiplicative, it suffices to check that Ur(J) and Ur

01
are unitary, since these matrices generate SLy(7Z).
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11
The fact that Up is unitary follows from the fact that 7" is Hermitian.

0 1

Consider Ur(J). The i, j entry of UT(J)tUT(J) is

1 -
> e |2Re((s; — ;)T sp) | . (5.9)
| det (x/DT) 2 k) (@7 o [

By Lemma 4.15 the diagonal entries are all 1. To show that the off diagonal entries

are 0 apply Lemma 4.16. Thus Up(J) is unitary as desired. O

Proposition 5.2. We have, for M € I'y(E,(D)d(T)),

. (xp(d))" e [—a(bstT— s st 1! ,
h5|k_nMJ_—det(i\/ET) > [—a(8'T s + 2Re[5'T ') hy.  (5.10)

s'e(o#)" /Ton
Proof. Since ¢|rpMJ = ¢ we have

O'H = (Olr M) (H|p—nMJ) = OYUr(MJ)) (H|p—nMJ). (5.11)
By the linear independence of theta functions, Corollary 4.20, we see that

(Ur(MJ))""H = H|j_,M.J. (5.12)

By Lemma 5.1 we know Urp(M) is unitary for any M € SLy(Z). Thus Equation

(5.12) gives

HlpnMJ =Ur(MJYH (5.13)
and translating this to each h, gives the desired result. O]
Lemma 5.3. If =y (mod E,(D)d(T)) then we have

3T 'sz =3T 'sy (mod Z). (5.14)

Proof. This follows immediately from Lemma 4.5 O]
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Corollary 5.4. Let ¢ be an Hermitian Jacobi form of degree n, invertible index T

and weight k. Let hy be a theta coefficient of ¢. Then hs € Sp_n(I'(E,(D)d(T))).

Proof. First we address holomorphy concerns. We know that h, is given by a Fourier
series that converges absolutely and uniformly on compact subsets of H. This gives
us holomorphy on H and boundedness of hg at infinity. To get holomorphy at other
cusps recall that, for H = [h,] our vector of theta coefficients we have, for any

M € SLy(Z) H|—nM = WtH. We then see that hg|p_, M has a similar Fourier
expansion (given as some linear combination of the other theta coefficients) and is
thus bounded at infinity as well. Since 7" is non-singular the Fourier expansions of

each hs has no constant term. Hence each h, is a cusp form.

a b
The important part is the transformation law. For M = e I'(E,.(D)d(T))
c d
we have, by Proposition 5.2,
__xo@" _(pet—1 —t—1
hlp—nMJ = —=2— " e [—a(bs'T™'s + 2Re[s'T'5])] hy. (5.15)

det(iv/DT)

If n is even then yp(d)” = 1 since xp(d) = +1. If n is odd then d = 1 (mod D)

S/

and xp is a character modulo D we must have xp(d) = 1. By Lemma 5.3 we have
e[—a (b5'T's + 2Re[s"T's'])] = e [-2Re[s'T 5] . (5.16)

Using Proposition 5.2 we see

1
holJ = ————=— Y e[-2Re[s'T 5] h.. 5.17
= ety & ¢ IR T] (5.17)
Hence hs|MJ = hg|J so hs|M = hs. O

Theorem 5.5. Let ¢ be an Hermitian modular form of weight k, degree n > 1 and
non-singular index T'. Then ¢ has a theta expansion of the form
srw)= Y (0w 2) (5.18)

se(o#)" /ron
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where each hg is a classical modular form.

Proof. The existence of this expansion is Proposition 4.1 and the fact that each h

is a classical modular form is Proposition 5.4. O
Using this we can prove the following corollary.

Corollary 5.6. The space of Hermitian Jacobi forms of degree n and invertible

index T is finite dimensional.

Proof. We have an injective map of C vector spaces

H:Th— B Sen(T(E.(D)A(T))) (5.19)

s€(O#)n ) TON

defined by H(¢) = [hs]seo#)n/ron. We know

(k —n)(E.(D)d(T))? Hp|En(D)d(T)(1 —1/p?)

dime(My,—(D(E,(D)d(T))) =

12
(5.20)
SO we get
dim (ank) < ‘((’)#)”/T(’)"‘ (k — n)(En(D)d(T))gllz_[pmn(D)d(T)(1 —1/p?) (5.21)
I P Ty U |
_ — [
We define our Eichler—Zagier map and prove it is well-defined.

Definition 5.7. Define ¢ : J7, — Si_n(Lo(E.(D)d(T)), x) by

UP) () =h(r):= > h(E(D)A(T)7). (5.23)

We argue that ¢ is well-defined.



Proposition 5.8. If we define v as above then v(¢) € Sg—n(Lo(EL(D)d(T)), Xh) for
¢ € Iry

Proof. Let ¢ be an Hermitian Jacobi form of degree n and invertible index T". Let

a b
hs be a theta coefficient of ¢ and € I'o(E,.(D)d(T)). We have

E.(D)d(T)c d

a b a E,(D)d(T)b
e =5 [ [ PPN iy 29
E.(D)d(T)c d s c d

In order to use the above result note that
=J J. (5.25)

Using this and the transformation for each hg gives

h|k_nM (5.26)
= 2Re[3'T 5] + des’ T7's' 4+ 2dRe[s" Ts"]| h.
e DN d T
(5.27)

We see that, computing the sum over s, this inner sum will be zero unless ' = 0, in

which case it is det(v/DT)?. Simplifying gives the desired transformation for h. [

The following results give an important subspace of _#;' on which the Eichler-
-Zagier map is injective, and introduce a family of maps between different spaces of
Hermitian Jacobi forms. These maps give us some additional relationships between

spaces of Hermitian Jacobi forms and generalize useful constructions in [AD19].

Definition 5.9. Let k € Z>, n € Z~¢ and T € A} (O). Define a subspace

e C (5.28)
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consisting of those ¢ € _#;" whose Fourier coefficients a(m,r) depend only on

m r nspes m T m T
det . That is ¢ € _Z,"7" if, whenever d =d :

™ T ™ T r T

we also have a(m,r) = a(m/,r").

n,spez

Proposition 5.10. The Eichler--Zagier map is injective on #; 7

Proof. Let

6= > Opsh,€ FF (5.29)

se(O#)n /TO™

be non-zero. Choose s € ((’)#)n so that hgy # 0. Recall the Fourier expansion of A,

hs(T) = Z asyron(IN)e {WT} : (5.30)

Choose N such that h, has non-zero Nth Fourier coefficient.
Since ¢ € _Z;'7" we have aeiron(N) = apyron(N) for any r € (O%)" and N €
It s. Denote this common value by a(N). Then we have
Wp) = Z Y o (5.31)
( /TO" NEIT r

From this we see that the Nth Fourier coefficient of ¢(¢) is

N)-|{re (0#)":N € Ir,}|. (5.32)
Since a(N) # 0 and s € {r: N € Ir,} we see that ¢(¢) has non-zero Nth Fourier
coefficient and is thus non-zero. ]

In [AD19, Proposition 4.8] Anamby and Das prove that this is the maximal
subspace of J;"'r on which the Eichler Zagier map is injective when n = 1 under

some additional conditions on 7" and our quadratic imaginary field K.

60



Definition 5.11. Let P € M,(O) be a matrix with non-zero determinant. Define,

for ¢ € 7' a function ¢|Up € Ayt defined by

6|Up(1,w,2) == ¢(1,wP, th).

(5.33)

One can check that PTP' € A, (O) and that ¢|Up has the correct transformations.

The Fourier expansion is discussed in the following proposition.

Proposition 5.12. Let ¢ € Z)'s have Fourier expansion

d(T,w, 2) = Z a(m,r)e(mt +wr +7'2).

meZ,re(O#)"

m r
eAl

n+1 (O)
T

Then we have

o|\Up(T,w, 2) = Z B(m,r)e(mr +wr +7'z2).

where

0 if r ¢ P(O#)"
B(m,r) =
a(m,r') if r = Pr' forr' € (O%)".
Note that ( is well-defined provided det(P) # 0.

Proof. The result follows immediately from the definition of ¢|Up.

(5.34)

(5.35)

(5.36)

]

Proposition 5.13. Let ¢ € 7,27 and P € M,(O) be non-singular. Then 1(¢|Up)

18 NON-zero.
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Proof. For this proof we write t7 and ¢, for the Eichler Zagier maps of index T’

and PTP' respectively. In order to show ¢ prpt (@|Up) is non-zero we show

Lprp (DIUP)(T) = t7(9)(7). (5.37)

First we relate the theta coefficients of ¢|Up to those of ¢. Consider when s ¢
P(O#)". In this case the sth theta coefficient of ¢|Up is zero because for any N €

I prpts WE have

Ay prpion(N) = agup(m,r) =0 (5.38)

as every Fourier coefficient of ¢|Up with r ¢ P(O#)" is zero by Equation (5.36).
Now suppose s € P(O#)". Let Ps’ = s, and for N € Zsq let f(N) := ﬁ.
Using Lemma 4.5 directly reveals that f gives a well-defined bijection from I_, =

to Iy . From this and Equation (5.36) we see that hs(7) = hy (7). Thus we see

that

Loyt (0|Up) = 17(9) (| det(P)[*T) # 0. (5.39)

O
5.2  Twists of the Eichler--Zagier Map

In this section we’ll define twists of the Eichler--Zagier map. These slight variations
of the Eichler--Zagier map can be non-zero on a given input even when our original
Eichler--Zagier map is zero on that input. Though we are unable to generalize their
result here, Anamby and Das in [AD19, Proposition 3.2|, were able to show that
for any non-zero form ¢ € J,, there exists some character such that the twist of

the Eichler--Zagier map by that character sends ¢ to something non-zero. We know
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introduce these twists in our setting. Let

E,.(D)d(T) if D is odd
f= (5.40)
E,.(D)d(T)/2 if D is even
Let ¢ : Z — C be a character modulo 2fE,,(D)d(T) and g : (O%)"/TO™ — C be
such that, for any d € Z and s € (O#)"/TO™ we have

g(ds) = (d)g(s). (5.41)

Define the twist of the Eichler--Zagier map by ¢ to be

W)= Y g(&)h(ED)A(T)T). (5.42)

se(o#)" yron
One can show, in similar fashion to our proof for ¢, that ¢,(¢) € Sp_n(Lo(2fE.(D)d(T), xp¥).
See [Hav95, Proposition 5.8]. We now introduce a group G and give an action of
this group on J. This action gives J the structure of a G-representation and hence
allows us to decompose the space into eigenspaces. We then see that these eigenspaces

interact nicely with our twisted Eichler--Zagier maps.
Definition 5.14. Let

G:={u+ E,(D)(T) € O/E,(D)dA(T)O : N(u) =1 (mod E,(D)d(T))}. (5.43)
Then G is a multiplicative group.

Proposition 5.15. Define, for u € G,

Wy o I71(0) = J7,(0) (5.44)
> Ohg =Y 0.hy. (5.45)

Then {W,} is a commuting family of diagonalizable maps.
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Proof. First we check that W, gives a well-defined map. We verify the follow three

conditions:
1. W,(¢) transforms properly with respect to eM € U(1,1).
2. W,(¢) transforms properly with respect to [\, u] € O™ x O™.
3. W,.(¢) to has an appropriate Fourier expansion.

By equations 5.13 and 5.8 we have

11
h/,uslk—n =€ [_mtT_INS] h,us-
0 1

(5.46)

After computing 0|7 el directly from the definition and using the relationship

between the transformation for © and H, we can get that
Ps|k—n€l = €he=15.

Finally we have

hysli—nd = ; Z e [—2Re[Nm(,u)§T_1s’H s

det(iv/DT)

s'€(O#)n ) TOn

One can quickly check that the conditions on u give
e [—2Re[Nm(p)sT's']] huy = e [~2Re[sT '] by

11
Hence, since ,el,J » generate U(1,1), we have

01

H*|eM = Ur(eM)H".

(5.47)

(5.48)

(5.49)

(5.50)

This, together with the transformation law for O, gives the transformation law

for W, (¢).
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One can compute directly that 6|[u, A] = 0. This will give the desired transformation
for W, (¢).
We move onto the Fourier expansion of W, (¢). Writing this out naively gives

N
Z s+ TON (N)@ {(W + FtTlr) T+ rw + Ft2:| . (551)
(s,r,N)EST "

Here

S1={(s,r,N) € (OF)*/TO" x (0O¥)" x Lo : 7 =5 (mod TO") and N € Ir,}.

(5.52)
If we define m(N,r) = m—l—FtT*r then we have f(s, N,r) := (m(N,r),r)
gives a well-defined bijection between S; and S, where
m 7t
Sy =< (m,7r): eN L (0)p. (5.53)
r T

This is essentially the same as the argument that gives the existence of theta
expansions given in Proposition 4.1. From this the Fourier expansion will follow.
It is clear that this family of operators commutes so it remains to show that that
each operator is diagonalizable. By Proposition 5.6 we know that J7 is a finite
dimensional space. The fact that each W, is diagonalizable just follows from the

fact that G is a finite group and p +— W), gives a representation of G' on Jr. ]

Corollary 5.16. If, for a character n: G — C we define

T = {6 € Tty : Wu(8) = n(u)e} - (5.54)
then we have
T =P T (5.55)
n,n
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We now can study how how twists act on these spaces.

Proposition 5.17. Let g : (O%)"/TO" — C be such that g(us) = n(u)g(s) for
p € G. Recall that we have a map vy = Jfy — Sp—n(Lo(2f En(D)d(T), xp7). For a

character nf' # 7 we have 1,(W,/(h)) = 0.

Proof. We have

n

se(o#)" jTon

W)= Y 9 &h(Bu(D)AT)T) =Y g(us)hys(En(D)A(T)7).  (5.56)

Since W, (¢) = n(u)¢ we have, by the linear independence of theta functions, h,, =
n(u)hs. We then have

tg(@) = (' (1) > g(s)hs(En(D)A(T)7) = n(ma)n’ (11)ee(6). (5.57)

If we choose p such that n(u) # n'(p) then we see ¢1,(¢) = 0 as desired. O

In the next section we explore applications of the main results presented in

Chapters 4 and 5.
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CHAPTER 6
NON-VANISHING FOURIER COEFFICIENTS
6.1 Vector-valued Hermitian Modular Forms

The main goal of this chapter is to prove that an Hermitian modular form
has infinitely many non-zero Fourier Jacobi coefficients. We give an argument by
induction on the degree of the Hermitian modular form. The base case follows
from the fact that classical modular forms have infinitely many non-zero Fourier
coefficients. In order to use the induction hypothesis we need to work with vector-
valued Hermitian modular forms. We start by introducing the theory of those forms

here. For a reference on the basic theory see [FM15].

Definition 6.1. Fix a quadratic imaginary field K, positive integer n > 1, a vector
space V' and a representation p : GL,(C) x GL,(C) — GL(V). Let U(n,n) =
U(n,n)(O). A vector-valued Hermitian modular form of weight p and degree n is a

holomorphic function F': H,, — V such that

F(MZ)=p(CZ+DCZ' + E)_l F(2) (6.1)

A B
for any M = e U(n,n).
C D

We'll be studying those with polynomial representations.

Definition 6.2. A representation p : GL,(C) — GL(V) is polynomial if there is a
basis of V' such that the coordinate functions p;; : GL,(C) — C are polynomial in
the entries of the input matrix. Similarly we can define the notion of a polynomial

representation on GL,(C) x GL,(C).
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In order to use our induction hypothesis we need to link F' to an Hermitian
modular form of smaller degree. Below we give the definition of this related, smaller
degree, Hermitian modular form. This follows a similar construction given by Bocherer
and Das in [BD22, Section 3.1.]. Note that the reduction in degree entails moving
to vector-valued Hermtian modular forms, even when starting with a scalar-valued

Hermitian modular form.

Definition 6.3. Let F' : H,,.; — V be an Hermitian modular form. For A € H,,

T w
write A = with w € C" a row vector, z € C" a column vector and Z € H,.
z
7— w . . .
For fixed 7, Z the map (w,z) — F is a holomorphic function on an
z Z

open set containing (0,0). Hence we can take a Taylor expansion to get

w !/
F = Faw(r, Z)w (6.2)
z Z AN

for some holomorphic functions F) y. Here A and X are multi-indices. For two such
multi-indices let v(A, \') be the degree, that is the sum of the entries in both tuples.
Choose the multi-index (A, \') of the smallest degree such that F) »» # 0. If this

degree is vy then define

FOrZ) = Y Fa(r,Z2)z - alyy e, (6.3)
(M)
v(AX )=
We view FY as a function from H x H,, — Clza,...,%pn, Y2, - -, Yn]w,- Here the

subscript indicates the polynomials are homogeneous of degree vy.

Our goal is to show that, for fixed 7, F(7, Z) is a vector valued Hermitian

modular form of degree n. Then we’ll show that the Fourier coefficients of F© are
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the Fourier-Jacobi coefficients of F. F° will have infinitely many non-zero Fourier
coefficients by induction and we’ll be able to conclude that F° has infinitely many
non-zero Fourier-Jacobi coefficients as desired.

The main difficulty in showing that F° is a vector valued Hermitian modular
form of degree n is showing that F° satisfies the proper transformation law. The

following lemma will be necessary. We first introduce some useful notation. Let

A B
g= € U(n,n) and Z € H,,. Then we define
C D
1 0 0 O
o A0 B
g = (6.4)
0 01 0
0 C 0 D
and
1y(Z) = CZ + D and A\ (Z) := CZ' + D. (6.5)
A B
Lemma 6.4. Let g = € U(n,n). We have
C D
T ow T—w(CZ+ D) 'Cz w(CZ+ D)™*
g = (6.6)
z Z N(Z) 72 9z
Proof. Direct computation gives
—1 -
0 0] |7 w 1 0 1 0
+ = (6.7)
o c||:zl |oob ~l2)C (ny(2))

One can then compute
- -1




T —w(py(Z)) ez —w(uy(Z))™
Az — (92)Cz 9Z

To prove the claim it suffices to prove that
(\(2) " =A—(92)C. (6.8)

We know A, B, C' and D satisfy

D'A-B'C=1, (6.9)
Ac-C'A=0 (6.10)
BD — DB = 0. (6.11)
because € U(n,n). From these equations it follows that
D
N(2)A=ZAC+1,+BC
\(2)(AZ + B) = (ZA' + B )y(2)
from which Equation (6.8) follows. O

Definition 6.5. Let F': H,,.; — V be a Hermitian modular form of weight
p: GL,11(C) x GL,,41(C) — GL(V). (6.12)
Define a representation

P’ : GL,(C) x GL,(C) = GL(V @ Cla1, ..., Tn, Y1, - -, Un)wo) (6.13)

)-0) @ flza, BTYy). (6.14)

>

P0<04,6) U ® f(f> ZJ) = (p(d>
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Proposition 6.6. For fized T,
FUT,Z) H, =V RCla1,...,T0, Y15+ Yn)oo (6.15)
is a Hermitian modular form of weight p°.

Proof. The fact that F° is holomorphic follows immediately from the holomorphy

of each F) y» which in turn follows from the holomorphy of F'. Next we consider the
. 7_ w . .
transformation law. Let Z = € H,, ;. Lemma 6.4 implies

Flog = plig(2), \(2)) Y Bax(r = w(pg(2)) 7' C2, 9 2)(M(2)) 20N (wlpag(2)) ™)

AN

(6.16)

If we consider the Taylor expansion of F) y» we see

Flpg = plpg(2). (2)) 7" D Faw(m,92)(A(2)) 7' 2) (w(py(2)) ™) + heout.

AN
v(\X)=ug
(6.17)
It follows that
FO1,2) = p*(CZ + D,CZ" + D) 'F°(1,92). (6.18)
O

6.2 Vector-Valued Hermitian Jacobi Forms

With vector-valued Hermitian modular forms we can construct vector-valued
Hermitian Jacobi forms similarly to the scalar case. Rather than give a general
theory of such forms we do the bare minimum to relate these forms to the scalar

setting so that we can use the previously developed theory there.
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Definition 6.7. Let V' be a finite dimensional complex vector space and p : GL,4+1(C) X
GL,4+1(C) — GL(V) be a representation. A vector-valued Hermitian Jacobi form of

degree n, index 1" and weight p is a holomorphic function ¢ : H x C* x C* — V

such that
a b
1. Forall M =¢ ceU(1,1)
c d
—1
ect +ed ecw €cTr +éd ect
(T, w,2) = p , e(—cwTz/j(M, 7)) (eM - (1,w, 2))
0 ]n—l 0 In—l

(6.19)

2. For all A\, u € O%

-1
o(r,w,z) =p : eT(Xt)\Tan)\—kXTw)gp(T,w—k AT + p, 2 + 1 —|—Xt7).
(6.20)

3. ¢ has a Fourier expansion of the form

o(T,w,z) == Z a(m,r)e(mr + wr + 7z) (6.21)

(m,r) eST

where a(m,r) € V.

Proposition 6.8. Let F': H,,.1 — V be a vector valued Hermitian modular form of

weight p. Let F' have Fourier expansion

F(Z)= ) a(F Ae(AZ). (6.22)
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For T € A, (O) define

or(T,w, 2) == al F, e(at +wr +7'2). (6.23)

mEZL,rc(O#)n r T

m T
€A 11(0)

r T

Then

T w

F = > er(rw 2)e(TZ) (6.24)
z Z TeM,(O)

and each @7 1s a vector valued Hermitian Jacobi form of degree n — 1, weight p and

ndex T.

Proof. See the proof of Proposition 3.3. This follows in a nearly identical fashion.

]

Our next goal is to show that if ¢ is a vector valued Hermitian Jacobi form
then it has a component which is a scalar valued Hermitian Jacobi form. This will

allow us to use our already developed theory in this setting.

Proposition 6.9. Let ¢ be a non-zero Hermitian Jacobi form of degree n, index T
and weight p : GL,11(C) x GL,11(C) — GL(V). Suppose that p is a polynomial
representation. Then there exists a basis for V and a component of ¢ with respect

to this basis that is a vector-valued Hermitian Jacobi form with co-domain C.

Proof. First recall the Lie-Kolchin theorem: For a connected solvable linear algebraic
group G and a representation p : G — GL(V'), the image p(G) is simultaneously
triangularizable. Let B, (C) C GL,(C) be the subgroup of upper triangular matrices.

Recall that B, (C) is both solvable and connected. Thus B, (C) x B,(C) is as well
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and so we can apply the Lie-Kolchin theorem to get a basis {v;}!",for V' such that,
whenever A, B are upper triangular p(A, B) is upper triangular in this basis.
Let ¢; be ¢ composed with the ¢th coordinate function from V' to C with respect

to this basis and let r be the largest ¢ such that ¢; is non-zero. I claim that
o HxC"xC"—C (6.25)

is a scalar valued Hermitian Jacobi form. First we determine the weight. Let p,,.(A, B)

be the (r,7) entry of p(A, B). I claim that the maps

z 0
fl 2= pr,r 7[n
0 ]n—l
z 0
f2 P2 pr,r [na
0 Infl

are polynomial homomorphisms from C to C. If a representation is polynomial in

one choice of basis, then it is polynomial in any choice of basis. Hence fi, fo €

C[z]. When p,.,. is restricted to upper-triangular matrices it is a homomorphism
because on the ring of upper-triangular matrices the (r,r)th coordinate map is a
homomorphism. Thus f; and f; are polynomial homomorphisms. The only such
maps are of the form z — A\, Let fi(z) = 2¥. Define a one-dimensional representation

of GL,(C) x GL,(C) by
(A, B) — det(A)* x det(B)". (6.26)

I claim this is the weight of ...

a b
Let M =€ € U(1,1). First we consider transformation (1). We have
c d
ecT +ed ecw €cT +ed Ecw’
, (6.27)
0 [nfl 0 [nfl
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1 ecw 1 ecw? ect+ed 0 ect+ed O

= 9 9 (6-28)
0 [nfl 0 Infl 0 [nfl 0 [nfl

If (A, B) are unitriangular, that is they are upper triangular with 1’s along the
diagonal, then so is p(A, B) since the subgroup of unitriangular matrices is the

1 ecw 1 €ecwt

derived subgroup of the Borel subgroup. Thus p , will be
0 In—l 0 In—l

unitriangular and will leave the rth component of a vector unchanged. We have

then, using the transformation law for ¢,

-1

ect+ed O ect+ed O
@r(TawaZ) = Prr ) e(—chz/j(M, T))QOT (EM : (T,w,Z))
0 1,1 0 I, 1

= (et +d)y MRk Me (—cwTz/§(M, 1)) @, (eM - (T,w, 2))

as desired.

Next we check the other desired transformation. We have, for ¢

-1

o(T,w,z) = p , e [)\TXtT +wTN + ATz (6.29)

(T, w4+ AT+ p, 2+ N1+ 7). (6.30)

Since ¢ takes uni-triangular to uni-triangular we see, for A € O™

1 =X 1 =X
p : (6.31)
0 [n—l 0 ]n—l

is uni-triangular. A comparison of the rth entries on either side and the fact that
¢, is the last non-zero entry in ¢ gives the desired result.
The existence of the proper Fourier series for ¢, follows directly from the Fourier

series for ¢ and the definition of ¢,. O
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Remark 6.10. A vector-valued Hermitian Jacobi form of scalar weight, as in the

result above, and a Hermitian Jacobi form are not quite the same. The only difference
being transformation with respect to the matrices eM € U(1,1) when € # £1. That
said, the important theory we have developed, i.e. that of theta expansions and

theta coefficients, will still exist for vector-valued Hermitian Jacobi forms of scalar

weight.
6.3 Non-zero Fourier Coeflicients

Now that we’ve linked vector-valued Hermitian Jacobi forms to the scalar setting
we can prove a few results on the non-zero Fourier coefficients of Hermitian modular

forms.

Proposition 6.11. Let F' be a non-zero vector valued Hermitian modular form of
degree n > 2. Then F' has infinitely many non-zero Fourier Jacobi coefficients with

non-singular index.

Proof. We prove the result by induction on the degree n. First consider when n =
2. Let F° be as in Definition 6.3 and let V be the codomain of F° and fix 7 so
that F°(ry, Z) is non-zero as a function of Z. By Proposition 6.6 we know FV is an
Hermitian modular form. Analogously to Proposition 6.9 we can choose a basis for
V such that F° has a non-zero component, say F° that is a scalar-valued modular
form. Because F? has infinitely many Fourier coefficients with non-zero index so

too will F°. If F' has Fourier Jacobi expansion

Z on(T,w, 2)e(nZ) (6.32)

n>0
then

apo(n) = c(7o) Z 6w’\ EIY gpn(To,w, 2) | w,2=0 (6.33)
v(A\N)=vo
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for some constant ¢(7y). Hence, for each n > 0 with ago(n) # 0 we must also have
¢n # 0. Then F' has infinitely many non-zero Fourier-Jacobi coefficients with non-
singular index because F° has infinitely many non-zero Fourier coefficients azo(n)
with n > 0.

Now suppose we know the result for vector valued Hermitian forms of degree n and
let ' have degree n + 1. Let F¥ be as in Definition 6.3 and again call the codomain
V. By hypothesis F° has infinitely many non-zero Fourier Jacobi coefficients of
non-singular index. Let ¢ be one such coefficient say of index T'. By Proposition
6.9 we can choose a basis of V' and a component of ¢ with respect to this basis
such that ¢, : H x C* x C* — C is a vector valued Hermitian Jacobi form of scalar
weight. As in Remark 6.10 ¢, will have a theta expansion. Choose a non-zero theta
coefficient hg. By Corollary 5.4 hs will be a classical modular form and hence will
have infinitely many non-zero Fourier coefficients of non-zero index. Each such
coefficient of h, will give rise to a non-zero Fourier coeflicient of ¢, with non-singular

index. Recall if ag,7on(N) # 0 then @, has a Fourier coefficient a(m, r) # 0 with

d = N. (6.34)

This Fourier coefficient of non-singular index for ¢, will guarantee one for F°. An
argument identical to the one given at the end of the preceding paragraph will
show that for each Fourier coefficient of h with non-zero index, we get a different
non-zero Fourier Jacobi coefficient of F' with non-singular index. Thus, since hg has
infinitely many non-zero Fourier coefficients with non-zero index, F' has infinitely

many non-zero Fourier Jacobi coefficients with non-singular index. O]

Next we’ll look at the actual Fourier coefficients of F'. This result reduces to

the Sturm bound for classical modular forms though in dimensions > 2 it is not
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nearly as restrictive as that result. We no longer need consider vector valued Hermitian
Jacobi forms. First recall the Sturm bound which states the following: Let f =
> anq™ be a classical modular form of weight k£ and level N. If a,, = 0 for all
n < |52 | then f = 0. Here
1
m = [SLy(Z) : To(N)] = N[ | (1 + 5) . (6.35)
pIN

We now state our generalization of this result.

Definition 6.12. Define, for k > 1,n > 1 and D € R,

(k — n)D3+2 5]

5 (6.36)

Ck:,n,D -

Proposition 6.13. Let ¢ be a non-zero Hermitian Jacobi form of non-singular
index T, weight k and degree n. Suppose that ¢ has Fourier expansion
Z a(m,r)e [mr 4+ wr +7'2] . (6.37)
(m,r)EST

Then there exists (m,r) € Sy with a(m,r) # 0 and

m T

det < Cknp det(T)Q. (6.38)
r T

Proof. We start with the theta expansion
o= > O (6.39)
se(o#)" jTon
Since ¢ # 0 we can find s € (O#)n /T O™ such that hy # 0. By Corollary 5.4

we have hy € Sp_p, (I'(E,(D)d(T))). The Sturm bound for classical modular forms

implies that we can find a non-zero Fourier coefficient of hg, say asiron(N) with

v - (E=n)(B,(D)d(T)* I (1 ~ i) o (k=n)(E.(D)d(T))* (6.40)
d(T)

12 2 ) = 12
plEn(D) p
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We see that ¢ will have a non-zero Fourier coefficient with index (m,r) such that

=t
m T
d = N and r = s (mod TO") by definition of hs. From this the result
r T
follows.

Proposition 6.14. Let ' be an Hermitian modular form of weight k and degree
n > 2 with non-zero T'th Fourier Jacobi coefficient for some non-singular T'. Then

F has a non-zero Fourier coefficient with index A € A, (O) such that

m r
A= (6.41)
r T
and
det(A) < Cpp1.pdet(T)? (6.42)

Proof. Let ¢ be the non-zero Tth Fourier Jacobi coefficient of F'. Then ¢ is a
non-zero Hermitian Jacobi form of weight k, index T" and degree n—1. By Proposition

6.13 ¢r has a non-zero Fourier coefficient o(m,r) with

det < Cypo1.p det(T)2. (6.43)

Since

a =a(m,r) #0 (6.44)

by definition of p7 (see Proposition 3.3.) we see that the proposition is satisfied for
m 7

A= . ]
r T
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Corollary 6.15. Let F' be a non-zero Hermitian modular form of weight k and
degree n > 2. Then F' has infinitely many non-zero Fourier coefficients with index
m 7
A= such that
r T

det(A) < Cy,o1.p det(T)? (6.45)

Proof. By Proposition 6.11 we know F' has infinitely many non-zero Fourier Jacobi
coefficients whose index is a non-singular matrix. For each such coefficient we will

get a non-zero Fourier coefficient with index A satisfying the conditions of the proposition.

]

In this chapter we've seen a few consequences the developed theory has on the
theory of Hermitian modular forms. As stated in the introduction original intent
of this work was to generalize some results on non-vanishing Fourier coefficients of
Hermitian modular forms to higher degree. In the next chapter we discuss some of

the issues in generalizing their results to this setting.
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CHAPTER 7
FUNDAMENTAL FOURIER COEFFICIENTS
7.1 Difficulties and Roadblocks

The goal of this final chapter is to explain several difficulties in using this theory
to generalize the papers of Bocherer and Das [BD22] and Anamby and Das [AD19].
Though the approaches of Bocherer and Das are superficially distinct, the fundamental
issue to generalizing both is the same. First we outline the general approach of

Bocherer and Das. The main theorem of their paper is as follows:

Theorem 7.1. Let F' be a non-zero vector valued Seigel modular form of weight p
and degree n. Suppose further that k(p) —%5 > o(n). When n is even, assume that F
is cuspidal. Then there exists infinitely many GL,(Z) inequivalent matrices T € A}

such that d(T') is odd and square free, and ap(T) # 0.

Note here two matrices in 7, 7" € A} are inequivalent over GL,(Z) if ATA +
T" for any A € GL,(Z). The overarching strategy is a proof by induction on the
degree n of the form. The base case of n = 1, which is the above statement for
classical modular forms, is proven in [AD19].
The first step in the induction is to construct a non-zero Fourier Jacobi coefficient
o7 for which T has an odd, square-free discriminant. This follows from the construction
of vector valued form F°, very similar to that given in Definition 6.3, and the induction
hypothesis. From this @7 they derive infinitely many non-zero Fourier coefficients
ap(A) such that d is odd and square free. Bécherer and Das then prove, in analogue
to 6.9, that ¢ has a non-zero component which is a scalar-valued Jacobi form, say
oy

The final step before dealing with classical modular forms is to construct a non-
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zero theta coefficient of this scalar-valued Jacobi, say h,, such that p is primitive.

Here p € Z"1/2T7Z ! is primitive if
Y
TS 7.1
. (7.)

has the largest possible denominator. This step is accomplished in [BD22, Proposition 3.5]
and is the step that I was unable to generalize to my setting.

The existence of such a primitive h,, together with the base case and the relationship
between the Fourier coefficients of F' and those of h, prove the result.

We say a few words about generalizing this approach to the Hermitian setting. As
illustrated in Chapter 6 we can generalize these results and constructions until

we need the existence of a primitive h,. In what follows we give a definition for
primitivity in our setting and explain the particular difficulty we faced in proving

Proposition 3.5. from Bocherer and Das’ paper in this setting.

Definition 7.2. We say i € ((9#)n is primitive with respect to T' € A (O) if

Z\/_<\/_T> l[i\/ﬁ,u]

has denominator exactly d(T)Tv/D if n is odd and d(T) if n is even. Similarly p €

(O)" is primitive if

N_(WT) ]

has denominator exactly id(T)v/D if n is odd and d(T) if n is even. This notion of

primitive descends to O™/ iv/DO™ which can be seen by computing

Nl_wﬁ:r)—l[u + VDT (7.2)

Z¢—( q—qu—q(¢5Tm). (7.3)

M(fT) ) +
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The existence of a non-zero primitive theta coefficient in Bocherer and Das

boils down to proving that the matrix

[e <%>] WEL/PLT (7.4)

VEL/DPL, vi=13
has maximal rank for some fixed vy € Z/pZ. Such a matrix either has 2 columns
or one column depending on whether 1y = 0 or not and so demonstrating that this
matrix has maximal rank is relatively straightforward.

In the Hermitian setting the analogous matrix looks like

{e (@ﬂ HEO /PO (7.5)

ve0/p0O, |v|*=|vol?  (mod p)
and in particular the number of columns is equal to the number of solutions
to [v|? = |w]? in O/pO, which could be as high as 2p — 1 if p is split in O. The
matrices that appear here can fail to have maximal rank and hence are not sufficient
to prove that 7 has a non-zero primitive theta coefficient. Without such a coefficient
we are still able to lift a Fourier coefficient of h, to that of F', we just can no longer
guarantee that the index of this Fourier coefficient of F' will be primitive. In [AD19]

Anamby and Das give the following result:

Theorem 7.3. Let F' be an Hermitian cusp form of degree 2. Then a(F,T) # 0
for infinitely many matrices T' such that D det(T) is of the form p%n where n is
square-free with (n,px) =1 and 0 < a <2 if D #8 and 0 < a < 2 if D # —8 and

0<a<3ifD=-8.

Our goal would be to generalize this result beyond degree 2. To prove this
result Anamby and Das essentially leverage the Eichler--Zagier map and the twists
there-of to relate the Fourier coefficients of a non-zero Fourier Jacobi coefficient

to those of a classical modular form. By conjugating by a matrix in GLy(O), they
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are able to guarantee the existence of a non-zero Fourier Jacobi coefficient of prime
index. The central result of their work is that, for forms of prime index, either the
Eichler--Zagier map or a twist of this map, is injective. This allows them to get a
non-zero classical cusp form of a certain index and level with Fourier coefficients
equal to those of the Hermitian Jacobi form. Then, having reduced to the case of
classical modular forms, they prove a non-vanishing result in this setting.

The roadblock in trying to generalize Anamby and Das is essentially the same.
The first is getting a Fourier Jacobi of prime determinant. Anamby and Das use a
result specific to the setting of n = 2, though this can possibly be circumvented
by using an induction argument. The second, and more fundamental, is trying to
generalize the non-vanishing of either the Eichler--Zagier map or a twist on a given
form of prime index.

To prove this result Anamby and Das make the following argument. If each twist
sends a form to zero, then all the "primitive" theta coefficients must be zero. They
then, just like in Bocherer and Das, look at hg|J, get a family of sums that must
be zero and from this construct a matrix they argue must be of maximal rank and
arrive at a contradiction with the fact that all the "primitive" theta coefficients are

zero. Thus we run into the same issue.
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