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DISSERTATION ABSTRACT
Jesse Asher Cohen
Doctor of Philosophy
Department of Mathematics
September 2023

Title: Composition and Cobordism Maps

We study the relationship between the algebra of module homomorphisms
under composition and 4-dimensional cobordisms in the context of bordered
Heegaard Floer homology. In particular, we prove that composition of module
homomorphisms of type-D structures induces the pair of pants cobordism map on
Heegaard Floer homology in the morphism spaces formulation of the latter, due to
Lipshitz—Ozsvath—Thurston. Along the way, we prove a gluing result for cornered
4-manifolds constructed from bordered Heegaard triples.

As applications, we present a new algorithm for computing arbitrary
cobordism maps on Heegaard Floer homology and construct new nontrivial A.-
deformations of Khovanov’s arc algebras. Motivated by this last result and a
Kiinneth theorem for Heegaard Floer complexes of connected sums, we also prove
the existence of a tensor product decomposition for arc algebras in characteristic 2

and show that there cannot be such a splitting over Z.
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CHAPTER 1

INTRODUCTION

Nontechnical Introduction

The overarching topic of this dissertation is low-dimensional topology.
Roughly speaking, topology is the study of intrinsic properties of shapes which
remain unchanged when you bend, twist, rotate, or resize them, or otherwise
deform them without cutting, poking holes in, or gluing them together to create
new complications. The adjective ‘low-dimensional’, in this context, means
that the types of shapes whose properties we will be concerned with will have
dimension at most 4, meaning that the number of independent directions one could
travel within such a shape is at most 4. For example, a line without thickness
would be a one-dimensional object since one can only travel in a single direction
while remaining inside of the line. In contrast, the surface of a donut — a torus
— has two independent directions of motion out of which any motion inside of it
can be built: one can either travel in a circle around the donut hole or in a circle
through it, and any other direction of motion in the torus is some combination of
the two. A zero-dimensional object is simply some collection of points which are
not connected to each other, and so on. In fact, we constrain ourselves slightly
further, in order to ensure that the shapes we work with are well-behaved: we
will be concerned primarily with compact, smooth manifolds. These are shapes
which, though we will allow them to have a boundary — like the edge of a disk
— or even corners along the boundary — like the points on the edge of a filled-

in square — do not otherwise exhibit sudden changes in their dimension, sharp
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corners in their interiors, or other pathological behavior. For instance, the shape
made by a plane together with a line going through it at a 90 degree angle is
excluded from consideration since its dimension has a local change from 2 to

1 as one travels inside it from the disk to the line and vice versa. Manifolds of
dimension n always locally “look like” the n-dimensional Euclidean space; e.g. a 3-
dimensional manifold locally looks like a patch of the sort of space we live in. The
requirement that our shapes be ‘compact’ means that, no matter how one builds it
out of local “patches”, one can always select out a finite number of those patches
which are enough to cover it. Here, ‘smooth’ means that there is no “roughness” at
any scale or of any order in them.

Zero-dimensional manifolds can be characterized by the number of points
they contain so they are not particularly interesting on their own from the
perspective of topology. Smooth 1-dimensional manifolds are slightly more
interesting: up to the sorts of deformations we allow in topology, which for us
will be diffeomorphisms, there is a single compact 1-dimensional manifold without
boundary, namely the circle. If we allow our 1-manifolds to have boundary, there
is one more up to diffeomorphism: the compact interval [0, 1], i.e. a line segment
with two endpoints. In two dimensions, things become a little more interesting,
since compact surfaces can have many holes — in the same sense that a torus
has a single “donut hole” — but a complete classification of compact surfaces
without boundary has been known since the late 1800s (cf. [Poi07]), and classifying
surfaces with boundary and corners is not much harder. Manifolds of dimensions
3 and 4, and the different ways circles can sit inside the former and surfaces can
sit inside the latter, on the other hand, are much more difficult to classify. The

question of whether two 3-manifolds are the same up to diffeomorphism is often a
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FIGURE 1. Planar diagrams representing the right-handed trefoil knot in
Euclidean 3-space (left) and a tangle in the 3-ball (right).

very difficult question to answer. A knot in a 3-manifold Y is an embedding of a
circle inside of Y, i.e. a closed loop in Y which might wrap around itself, or around
parts of Y that it can get “caught” on, but which never intersects itself (cf. Figure
1). A link in Y is an embedding of some positive number of circles in Y, i.e. a
collection of knots in Y which might wrap around each other in interesting ways.

[43

Two knots (or links) in Y are isotopic to each other if it is possible to “wiggle” one
of them around in Y, without passing it through itself, until it becomes a copy of
the other one; we think of isotopic knots as being “the same.” If Y has non-empty
boundary dY, one may also consider tangles in Y: embeddings of some positive
number of intervals and circles in Y such that the ends of the embedded intervals
lie on JY. Two tangles are equivalent if they are isotopic in the above sense, with
the caveat that we require isotopies of tangles to fix their endpoints. In similar
fashion to the case of 3-manifolds up to diffeomorphism, the question of whether
or not two knots or tangles are isotopic is often a very difficult question to answer.
Distinguishing 4-manifolds and knotted surfaces inside of them is often even more
difficult.

Rather than asking whether two manifolds or knots are the same, then, we

instead ask “how can we tell them apart?” The answer to this question comes
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to us in the form of invariants: these are quantities — numbers, polynomials,
sets, or more complicated objects like graded vector spaces or functors — which
one can assign to a manifold or a knot, or some data representing them, which
remain unchanged when we deform the objects in question. Some invariants,

e.g. the invariant which assigns the number 0 to every knot, do not tell us any
information whatsoever but others contain a lot of information. Two of these
invariants, Heegaard Floer homology and Khovanov homology, contain a plethora
of useful data, not just about 3-manifolds and knots, respectively, but also
about 4-manifolds and surfaces inside of them, with or without boundary. These
invariants, and their variations, also admit interesting algebraic structures when
suitably interpreted. In this dissertation, we explore the relationship between these

algebraic structures and the underlying topology witnessed by the invariants.

Summary of Results

In this section, we provide a brief overview of the organization of this
dissertation. In the remainder of Chapter I, we provide background on A..-
algebras and their (bi)modules, (bordered) Heegaard Floer homology, Khovanov
homology, and Khovanov’s arc algebras.

In Chapter II, we discuss the morphism spaces formulation of Heegaard Floer
homology [LOT11] and prove the following main theorem, which exhibits a strong
relationship between the algebra of module homomorphisms and the 4-dimensional

topology witnessed by Floer theory.

Theorem 1.0.1 (Theorem 2.0.1). Let Y3, Ys, and Y; be bordered 3-manifolds, all
of which have boundaries parametrized by the same surface F, and let A = A(—F)

be the algebra associated to —F. Let Y;; = —=Y; Uy Y; and consider the pair of pants
16



cobordism W : Yis U Yo3 — Yi3 given by
W = (A X F) Uele (61 X }/1) U62><F (62 X }/2) Ue3><F (63 X YE),), (11)

where /\ is a triangle with edges ey, es, and es in cyclic order. If we define
Mor(Y;,Y;) = MorA(gFT?(Yi), @(Y})) to be the space of left A-module
homomorphisms @(Yl) — @(YJ), then the composition map f @ g+ go [ fits

into a homotopy commutative square of the form

Mot (Y1, Y2) ® Mor?(Ya, Ya) L2290 NMorA(vy, i)

:l l: (1.2)

CF (Y12) ® CF (Yas) W CF(Yi)

where fW 1s the map induced by W and the vertical maps come from the Heegaard

Floer pairing theorem for morphism spaces [LOT11, Theorem 1].

Along the way, we prove several technical lemmas, including a non-existence
result for holomorphic disks in a particular bordered Heegaard triple and a gluing
result for cornered 4-manifolds constructed from bordered Heegaard triples, both
of which are crucial to the above theorem. As a consequence of Theorem 2.0.1,
we give a new algorithm for computing cobordism maps on Heegaard Floer
homology via composition of morphisms. This algorithm gives an alternative to
the approaches of [LMWO08] and [MOT20].

In Chapter III, we introduce Heegaard Floer analogues of Khovanov’s arc
algebras H,,, which take the form of endomorphism rings h,, of type-D structures
associated to sets of crossingless matchings, and show that, in general, b, is

a nontrivial A,-deformation of H,. In [Shul4], Shumakovitch showed that
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Khovanov homology Kh(L) of a link L, with coefficients in Fy, decomposes as
Kh(L) = Kh(L) ® V, where Kh(L) is the reduced Khovanov homology of L and
V = Fy[x]/(2?%). Motivated by computations in the preceding section, alongside a
Kiinneth theorem for Heegaard Floer homology of connected sums, we show that
the analog of Shumakovitch’s result holds for the arc algebras H,, on 2n points
defined over a ring R of characteristic 2: that there is an isomorphism of algebras
H, =~ H, ®p R[z]/(x?), where H, is a reduced version of H,. We also show that

there is no such isomorphism of arc algebras defined over Z when n > 1.

Notation

Throughout this dissertation, we work almost exclusively over the field
Fy with two elements. As such, we will denote this field simply by F. We will
often denote commutative algebras over F by k and arbitrary commutative rings
by R. In Chapter III, we will work with algebras whose elements are R-linear
combinations of configurations of circles in the plane whose components are labeled
by elements of the basis {1,z} for the commutative ring R[x]/(z?). To avoid
notational clutter, we will indicate that a component is labeled by 1 (resp. z)
by placing a hollow dot o (resp. solid dot ) on it. For example, in , the
outermost circle and higher of the two smaller circles are labeled with , while the

lower of the two smaller circles is labeled with z.
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1.1 Background on A.-algebras and Related Structures

We recall here several definitions of algebraic structures which are central to
bordered Heegaard Floer homology. We refer the reader to [LOT18] and [LOT15]

for thorough treatments of these structures and their categories.

Definition 1. Let M = @ M, be a Z-graded module and n € Z. Define M|n| to
dez
be the graded module whose d™ summand is defined by (M([n])y = My_,,, which is

to say that M|[n] is M with all summands shifted up in grading by n.

Definition 2. Let k be a ring of characteristic two. An A..-algebra A over k is a
Z-graded k-module A together with k-linear maps p; : A®<" — A[2 — i fori > 1

subject to the A.-relations’

n—j+1

ST0Y o (idF @y @id® ) =0 (13)
itj=n+l k=1

for every n > 1. Following [LOT18], we will consistently denote the underlying k-
module by A. An A-algebra is called strictly unital if there is some 1 € A which

acts as a unit for the map o and p;(aq, ..., a;) =0 for ¢ # 2 if a; = 1 for some j.

There is a convenient visual mnemonic for the A, relations: we may
represent p; by a downwardly-oriented tree with one internal vertex, ¢ input leaves,

and one output leaf, i.e.

INVANY,

H1 o ; M3 P

Ll

In characteristics other than two, these relations include signs.

19



then the A, relation for n tells us that the sum over all downwardly-oriented trees
with two interior vertices, n input leaves, and one output leaf is zero. For example,

in these terms, the n = 1 case becomes

i.e. u? =0, the n =2 case is

JRVAVE

I

i.e. py satisfies the Leibniz rule with respect to s, and the n = 3 case is

u/ \ux iy /!f“/o

M3 H3 H1

which tells us that us is associative up to a homotopy ps with respect to the
differential p; on A and the induced differential p; ®id®id+id® p; ®id+id®id @ gy
on A®3. In particular, if yu; = 0 for i > 2, then A is an ordinary differential graded
associative algebra over k with multiplication us and differential u;. There are

many A.-algebras whose higher operations do not vanish but, if there is some n

20



for which p; = 0 for all @ > n, then one says that A = (A, {u;}52,) is operationally
bounded or just bounded.
It is often convenient to consolidate all of the maps p; into a single linear
map p : T(A[1]) — A[2], where T(A[1]) = é A®"[n] is the tensor algebra of A[1]
and we set o = 0. Defining a map D : T(X[:l(]]) — T(A[1]) by
n n—j+l
D=> Y d*'®u@id*" 7 (1.4)

j=1 k=1

then the A,-relations are given equivalently by either yyo D = 0 or Do D = 0 or,

graphically, as

(1.5)

I
@)
o
=
I
)

Definition 3. A (right) As-module M over an A.-algebra A is a graded k-
module M together with k-linear maps m; : M ®; A®0C~D — M[2 — i] for all

1 > 1 such that

Z m; o (mj o (idy ®1d® ™) ®id®" )
i+j=n+1

i (1.6)
+ > “mio (idy ®1d¥ T @ gy @id® ) =0

i+j=n+1 k=1

for all n > 1. In other words, the m; are compatible with the A.,-operations f;
in the sense that these maps, in concert, satisfy the usual A.-relations, except

that the first input is a module element rather than an algebra element. As with
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Aso-algebras, an A,-module M is strictly unital if there exists 1 € A such that
ma(z®1) =z and m(z® a1 ® -+ ®@a;—1) = 0 for i > 2 if a; = 1 for some j. We

say M is bounded if there exists some n for which m; = 0 for all 7 > n.

In particular an Ay-algebra A is an A,-module over itself in an obvious way
and is strictly unital (resp. bounded) as an A,.-module if and only if it is strictly
unital (resp. bounded) as an A.-algebra.

The A.-module relation also has a convenient graphical description:

|
A
/, v 1/ =0 (1.7)

I
I I
] ]
I ]
] I
I ]
I I
I I
I I
hd I
m ~
| m
]
3 |
m |
| ]
I <~
\I,

where A : T(A) — T(A) ®x T(A) is the canonical comultiplication map defined on

pure tensors by
AMay @ ®an) =Y (010 @ ap) @ (Amp1 @+ ay).
m=0

Here, algebra elements are denoted by solid arrows while module elements are

denoted by dotted arrows.

Remark. If M is a right A,.-module over a differential graded algebra A and m; =

0 for all 7 > 2, then M is a differential graded A-module in the usual sense.
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Type-D structures

Definition 4. Let A be a differential graded algebra over a ring k with differential
w1 and multiplication map us. A (left) type D structure over A consists of a
graded k-module N equipped with a k-linear morphism §' : N — (A ®, N)[1]

satisfying the compatibility condition

(112 ®idy) o (idg ® 0') 0 8 + (p; ®idy) 0 6* = 0, (1.8)

which can be represented graphically as

é\\

S REEEEEEE R

kS

<—

A type-D structure homomorphism is a k-module map f : Ny - A ® Ny

satisfying the equation

(12 ®idn,) 0 (ida @ f) 0 Oy, + (12 ®idp,) 0 (ida ® Oy,) o f + (1 @idy,) 0 f =0
(1.10)
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and a homotopy between type-D structure homomorphisms f,g : Ny - A® N, is

a k-module homomorphism h : Ny — (A ® Ny)[—1] such that
(12 @ ) 0 (i @ h) 0 8%, + (12 @ i) 0 (ida @ 6ky) 0 b+ (jy @ idy) 0 b = f — g.

Example 1. Suppose that X is a differential graded A-module which is free with

basis {z;} and has differential determined by
a%i = Z(ZMIJ'. (111)
J

Let N = span,{x;}. Then the map §' : N — (A ®y N)[1] defined on basis elements

by
(51(1}1) = Zaij X X (112)
J
makes the pair (N, d') into a type D structure. To see this, compute

((/J,g & ldN> o} (ldA & (51> o 51 + (,Ltl &® ldN) o (51)(1’1)
= Z((M2 ®idy) o (idg ® 6') + (11 ® idw))(ai; © ;)

= Z('u2 ® idy)(ay ® ar ® ) + Z p(ai) ® x;

Jik J

= Z CLi]’CL]’k X T + Z [Ll((lij) X ij

J:k J

(1.13)

= (agaj + par)) ® .
7.k

24



On the other hand, we have that

821'7; =0 Z A5
J
= Z(aaij)xj -+ aij(?:cj
J
= mla)r; + a; (Z @jk$k>
J k
=Y ayaga + Y pay)e
Jk J
= Z Q@51 T) + Z pa (air) T
Jik J

= Z(aijajk + pa @)

Jk

(1.14)

but {z;} is an A-basis for X so the fact that 0*z = 0 implies a;;a;; + p1(ax) = 0
for all 4, j, and k so 0' satisfies the compatibility condition. Any dg-module
homomorphism X; — X, induces a corresponding map of type-D structures
and the converse is true for type-D structures obtained in this manner. Similarly,

homotopies of such maps are equivalent to homotopies of type-D structures.

On the other hand, if (N, §') is a left type-D structure over A, then A ®; N

is a left differential .A-module with differential

my = (po ®idy) o (idg ® 6') + 1 @ idy (1.15)

and module structure map my = o ® idy. As in the above example, type-
D homomorphisms and homotopies induce chain homomorphisms and chain

homotopies, respectively.
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Definition 5. Given a left type D structure (IV, ') over a dg-algebra A, there are

higher structure maps 6% : N — (A®*F @, N)[k] defined recursively by
6 = (id go-1) ® 6*) 0 571, (1.16)

We say (N, ) is operationally bounded — or just bounded — if §* = 0 for all k

sufficiently large and unbounded otherwise.

Remark. Tt is frequently useful, in the case that a type D structure (N, %) is
constructed from a differential graded .A-module with a finite A-basis {z;}, to
represent it as a directed graph I' := I'(y 1) with vertices z; and one edge

x; — x; labeled by a;; for each ¢ and j — where, by convention, an unlabeled
arrow corresponds to a;; = 1. Framed in this way, it is easy to see that (N,d")
is operationally bounded if and only if the corresponding graph I' contains no
directed cycles, except possibly those in which there are successive edges x; X T

ajk

and z; = xj, such that a;; ® a;;, =0 € ARy A.

Example 2. Let A be the associative F-algebra F[a]/(a?) with zero differential
and consider the free A-module X = A(z) with differential given by 0z = ax.
Then the corresponding type D structure (N, 46') with N = F(z) is the one whose

associated directed graph is

e

ie. 6%(r) = a® - ®a ® z. In particular, this an example of an unbounded type D

structure.
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This graphical interpretation of type-D structures is especially useful
for efficiently computing complexes of module homomorphisms between
(modulifications of) them: if (Ny,0;) and (Na, 02) are dg-modules over a
differential algebra A, then the space Mor*(Ny, N;) of A-module homomorphisms
N; — N, is naturally a complex of modules over the ground ring k when equipped
with the differential 0f = 0s0 f + fo0;. If I';, i = 1,2, is the graph for the type-D

structure associated to (IV;, 0;) and f : Ny — N is a module homomorphism with
flxi) = Z fijy;, (1.17)
J

we may form a new graph I'y from I'; U I'y by adding a new edge z; Ty y; for
each nonzero term in f(x;) for all 7. This new graph is the graph for the mapping
cone of f and represents a type-D structure if and only if f is a type-D structure
homomorphism. The morphism 0f can then be computed by summing over all
length 2 paths in I'y which contain one of these edges, in the sense that a path of
the form z, = z; Ty y; contributes a summand of (0f)(xy) of the form af;;y; and

a path of the form z; f4 Yj LA yj contributes a summand of the form f;;ys.
Example 3. Consider the F-algebra A with basis

{l/07 L1, P1 = LopP1ly, P2 = L1P2lo, P3 = LopPsly; P12 = P1P2, P23 = P23, P123 = Plpzp?,},
(1.18)

where ¢y and ¢; are orthogonal idempotents, relations pop; = 0 and p3p2 = 0, and
trivial differential (we will encounter this algebra again shortly). Let (N, d') be the

left type-D structure with N = F(x,y, 2), x = iz, y = 1oy, 2 = 192, and associated
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graph

y — 2
p& %2 . (1.19)

Consider the endomorphism f: N — N given by f(2) = p12y and f(x) = f(y) = 0.

Then

y—>zﬂ>y—>z

,,& % p& % (1.20)

and we can read off 0f as
Of = [y pray] + [z = prasz]| + [z — p12z]. (1.21)

Note that the path z 23 z 28 y does not contribute a nonzero term since pop12 = 0.
The box tensor product

Fix a dg-algebra A over a ring k. Given a right A-module M = (M, {m;})
and a left type-D structure N' = (N, '), both over A, such that at least one of M
or N is operationally bounded, we may pair M and N to obtain a chain complex
M X N of k-modules, called the box tensor product of M and N. The underlying
vector space of M X N is M ®; N and the differential 0¥ is given on generators

x ® vy by

Mrxoy) = Z (M1 @ idy) (z ® 6% (y)) (1.22)
k=0
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or, graphically,

o = (1.23)

N

Gmmm e O -

|
|
|
|
|
|
i
|
-
m
|
|
4

Type-DA bimodules

There are several types of bimodules over A.-algebras that arise in Floer
homology. We will primarily be concerned with type-DA bimodules, which
combine the notions of left type-D structures and right A..-modules, so we review

their definition here.

Definition 6. Let A and B be A.-algebras over ground rings k and j. A type-DA
bimodule N over (A, B) is a graded (k, j)-bimodule N equipped with degree zero

(k, j)-bimodule homomorphisms
01« N @y B[L]¥ — A[l] @ N (1.24)

satisfying the following compatibility relation. Let §! = 2()5% +; and recursively
]:

define maps 8" : N @; T*(B[1]) — A[1]®" @ N by taking §° = idy and
6 = (idgei ®6') o (6" @ idpe(spy) © (idy ® A), (1.25)

where A : T*(B[1]) — T*(B[1]) ® T*(B[1]) is the canonical comultiplication map.
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o0

Finally, define 6 = 3_ 4. Then the compatibility condition for A is
i=0

Solidy®D") + (D" @idy)od =0, (1.26)

or graphically

=0 (1.27)
5 D

/

A type-DA bimodule is strictly unital if 63(x,1) = 1 ® x forany x € N

and 01, (@, b1,...,b;) = 0if ¢ > 1 and any of the b; is an element of j. The
boundedness condition for these structures is more complicated than for A..-
modules or type-D structures, so we refer the reader to [LOT15] for a rigorous
presentation, but one may think of it as follows: each summand of § may be
represented by a directed graph with some number of input and output vertices
and N is bounded if there is some n such that each summand with 4 input vertices

and 7 output vertices vanishes whenever ¢ + j > n.

Like type-D structures, one may represent type-DA bimodules as oriented
graphs whose vertices correspond to generators. In this setting, an edge € — vy is

labeled by the sum of symbols ag. ®(al, ..., al), one for each summand a, @y of
1

1
iny* s

iny -

61 (T, a al’), letting a ,all range over all sequences of algebra elements.
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1.2 Background on Floer Homology

Heegaard Floer homology

Heegaard Floer homology is a suite of invariants of closed, oriented 3-
manifolds and cobordisms between them introduced by Peter Ozsvath and Zoltan
Szabé in [OS04b]. The particular variant of Heegaard Floer homology we will
be concerned with is the so-called ‘hat’ version. This invariant associates to a
closed, oriented 3-manifold Y a graded F-vector space ﬁ(Y) and to each smooth,
connected, 4-dimensional cobordism W : Yy — Y1 a map Fyy : ?IF(YO) — EF(Yl)
This assignment is functorial with respect to composition of cobordisms (cf.
[OS06, JTZ21, Zem21a]). The vector space ﬁ(Y) is the homology of a complex
@(Y) defined as a variant of the Lagrangian-intersection Floer complex of a pair

of Lagrangian tori in a Kahler manifold. We briefly recall this definition here.

Definition 7. A (pointed) Heegaard diagram is a quadruple H = (3,, o, 3, 2)
consisting of a closed, oriented surface ¥ of some genus g, two collections o« =
{av,..., oy} and B = {f4, ..., B,} of pairwise disjoint embedded circles in 3, and
a basepoint z € ¥ \ (e U 3). Here, we define ¥ N\ ¢ =X N (¢; U--- U ¢) for any
collection ¢ = {cy,..., ¢} of embedded circles in ¥. In addition, we require that
Y\ a and X \ 3 are connected and that any intersection between a-circles and

B-circles is transverse.

A Heegaard diagram specifies a closed oriented 3-manifold Y as follows:
attach 3-dimensional 2-handles to each a; x {0} and ; x {1} in ¥ x [0,1] and
smooth corners. The resulting manifold has two S? boundary components and we

obtain Y by filling each of these with a copy of the 3-ball.
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FIGURE 2. The standard genus 1 Heegaard diagram for S3.

Example 4. The genus 1 Heegaard diagram shown in Figure 2 is a diagram

specifying S3.

Every closed oriented 3-manifold Y admits a Heegaard diagram specifying
it in the above manner as follows: choose a self-indexing Morse function f :
Y — [0,3] C R with exactly one critical point of index 0 and one of index 3
and a Riemannian metric g on Y such that (f, g) is Morse-Smale. Since f is self-
indexing, % is not a critical value so ¥ = f ’1(%) is a smooth surface by the implicit
function theorem and inherits an orientation from Y. Let {a1,...,a,} = f71(1)
and {by,...,b,} = f1(2) be the sets of index 1 and index 2 critical points of Y.
Given x € Y, let v, : R — Y be the unique solution to the downward gradient flow

equation

A(t) + Ve =0 (1.28)

satisfying the initial condition 7,(0) = x. Fori =1,...,g, let

Wé(a;) = {x ey }H&%@) = ai} (1.29)
and
W*(b;) = {:L‘ ey ‘tgr_noo Ve (t) = bl} (1.30)
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be the stable and unstable manifolds of a; and b;, respectively. Then the embedded
circles oy = ¥ N W%(q;) and 5; = 3 N W*(b;) specify an unpointed Heegaard
diagram (3, a, 3) for Y. One may obtain a pointed Heegaard diagram (¥, a, 3, z)
for Y by choosing a downward gradient flow trajectory from the index 3 critical
point to the index 0 critical point and taking z to be its intersection with ». Two
Heegaard diagrams specify the same closed 3-manifold Y up to diffeomorphism if
and only if they can be related by a sequence of Heegaard moves. If 4 is either a

or 3, these are:

1. Isotopies: smoothly deforming -« inside ¥ \ z in such a way that the curves

V1, - -,y remain disjoint throughout.

2. Handleslides: replacing v € ~ with a curve 4" with the property that there
exists a third curve 4/ € -« such that ~, 7/, and 7" bound an embedded pair

of pants surface.

3. Stabilizations/Destabilizations: taking connected sums with the standard

genus 1 Heegaard diagram for S® and the inverse of this operation.

Given a Heegaard diagram H = (¥,, o, 3, z), let Sym?(X) = £*9/5, be

the g-fold symmetric product of its underlying surface. The space Sym?(X) is
a smooth manifold which inherits a complex structure from 3. The collections
a and @3 determine embedded half-dimensional tori T, = a; X --- X a4 and

Ts = p1 x -+ x B4 which intersect transversely and are disjoint from the subvariety

V. = {2} x Sym? (%).

Definition 8. For =,y € T,NTs, a Whitney disk from x to y is a continuous map

u : D? — Sym?(¥) such that u(—i) = =, u(i) = y, and u maps the part of the
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boundary of D? with non-negative real part to T, and the part with non-positive

real part to Ts. Let mo(x, y) be the set of homotopy classes of such disks.

Given ¢ € my(x,y) and a path J, of almost complex structures on Sym?(3),
let M. 7.(¢) denote the moduli space of Js-holomorphic representatives of ¢, i.e.
Whitney disks v : D? — Sym?(X) from x to y satisfying the differential equation
Js o du = du o 1. For generic choices of path Js, the space MJ5(¢) is a smooth
manifold whose dimension u(¢), the Maslov indez of ¢, is given by the index of
the O-operator associated to the complex structure on the disk and .J;. Recall
that the automorphism group of the disk is R so there is an R-action on M 7.(0)
by translation. In the case that u(¢) = 1, the quotient M(¢) = M, (¢)/R
is a compact 0-dimensional manifold. We call the elements of this space rigid
holomorphic disks. Define n.(¢) = #¢1(V.) to be the intersection number of ¢

with V..

Definition 9. As an F-vector space, 6?(7—[) is freely generated by T, N Ts. The

differential 0 : CF(#) — CF(H) is defined on generators by

or= Y ) #M(0)y, (131)

YETaNTp peme(2,y) | n($)=1,n:(¢#)=0

i.e. 0z counts rigid holomorphic Whitney disks from & to y which avoid the

subvariety V..

The chain homotopy type of E’F(H) is invariant under Heegaard moves,
hence an invariant of the 3-manifold Y determined by H, so we are justified in

writing @(Y) for E’F(H), and its homology EF(Y) is an invariant of Y.
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Bordered Floer homology

Bordered Heegaard Floer homology, defined by Lipshitz—Ozsvath—Thurston
in [LOT18], is a suite of invariants associated to a 3-manifold Y with parametrized
boundary taking the form of homotopy types of A,-modules over algebras
A(Z) associated to a combinatorialization Z of the boundary parametrization.

In particular, if Y has one boundary component, the bordered Floer package

gives us a left type-D structure @(Y) over A(—Z) = A(Z)°P, which one

may think of as a projective left dg-module, and a right A,.-module 6F’\A(Y)

over A(Z), whose homotopy types are invariants of Y. We briefly recall the
construction of this object in Section 2. These modules satisfy pairing theorems
as follows: if ¥ and Y5 are 3-manifolds with the same connected boundary surface
and Y1, = —Y) Uy Y5 is the closed 3-manifold obtained by gluing Y; and Y5
along their respective boundary parametrizations, then there are homotopy
equivalences E’F(Ym) ~ @(—Yl) X C/’FT)(YQ) o~ MorA(@(K), C/'FT?(YQ)),
where MorA(gFT)(Yl), @(YQ)) is the chain complex of A = A(—2Z)-module
homomorphisms @(Yl) — @(}/2) In the box tensor pairing, @(Yg) is
being regarded as a genuine type-D structure, while in the morphism space pairing,
both of the @(YZ) are being thought of as dg-modules.

For a complete treatment of the material in this section, we refer the reader

to [LOT18, LOT15].

Definition 10. A pointed matched circle is a quadruple Z = (Z,a, M, z)
consisting of an oriented circle Z, 4k points @ = {ay,...,a4} in Z, a 2-to-1
function M : a — [2k] called a matching, and a basepoint z € Z \ a such that

the result of surgering Z along the matching M is connected, i.e. a single circle.

35



FIGURE 4. Reconstructing the torus from a pointed matched circle. The two
1-handles in the penultimate image correspond to the handles determined by the
index 1 critical points of the height function on the vertical torus in the final
image, with the handle depicted as crossing under the other corresponding to the
lower critical point.

We will regard each pointed matched circle Z as a contact 1-manifold and refer to

intervals p C Z which have ends on a and do not cross z as Reeb chords.

A pointed matched circle specifies an oriented surface F'(Z) by filling Z with
a disk, adding 2-dimensional 1-handles along each pair of matched points, and
then filling the boundary circle of the resulting surface with a disk. For example,
the unique pointed matched circle for T? is depicted in Figure 3, with matching
specified by dotted arcs, and the reconstruction of T? from this data is shown in

Figure 4.

Definition 11. A bordered 3-manifold Y is an oriented 3-manifold with boundary
together with an orientation-preserving diffeomorphism ¢ : F(Z) — 9Y for
some pointed matched circle Z. Such data can be specified by a bordered Heegaard

diagram, which is a quadruple (2, a, 3, z) where:
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— X is a compact, oriented, surface of some genus g,

J— a c __ a a C C 3 3 3 1
—a=a'Ua’ = {af,...,a4,af,...,af ;} is a collection of g + k pairwise-
disjoint curves in X consisting of g — k& embedded circles af in the interior of

> and 2k arcs af with boundary on and transverse to )}

— B ={pb1,....B,} is a collection of g pairwise disjoint embedded circles f; in

the interior of X,
— and z is a point in 9% \ (N IY)

such that Y\ and Y\ 3 are connected and any intersections of a- and 3 curves is
transverse. Moreover, two bordered Heegaard diagrams specify the same bordered
3-manifold Y if and only if they can be related to one another by a finite sequence

of Heegaard moves fixing the endpoints of the a-arcs (cf. [LOT18, Chapter 4]).
The algebra of a pointed matched circle

Given non-negative integers n and k such that n > k, let A(n, k) be the
F-vector space generated by non-decreasing partial permutations of k elements:
triples (S, T, p), where S and T are k-element subsets of [n] = {1,2,...,n} and
p : S — T is a bijection such that i < p(i) for all i € S. For a generator a =
(S, T, p), let inv(a) be the number of inversions of p: the number of pairs 7,5 € S
such that i < j but ¢(j) < ¢(i). We can make A(n, k) into a graded algebra, which
we call the strands algebra with k strands and n places, as follows: given generators
a = (5,T,p)and b = (T,U,0) with inv(c o p) = inv(p) + inv(c), we define
the product ab by ab = (S,U, 0 o p). If; instead, the domain of ¢ is not equal to
the range of p, or if inv(o o p) # inv(p) + inv(o), we define ab = 0. Generators

a = (S, T, p) are homogeneous of degree inv(a). Note that there is an idempotent
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I(S) € A(n, k) for each k-element subset S of [n] given by I(S) = (S, S,idg). This
algebra has a graphical presentation in terms of strands diagrams with k strands
and n places: planar isotopy classes of diagrams in [0, 1] x [1,n] consisting of k
non-decreasing smooth curves z : [0,1] — [1,n], where s € S for some k-element
subset S of [n], which we call strands. We require that strands have left-boundary
on {0} x [n] given by z4(0) = s, right-boundary on {1} x [n], that =; M x; whenever
i # 7, and that no two strands share a common endpoint or intersect more than
once. Such a diagram represents a partial permutation a = (S, 7T, p) by taking S as

above T'= {z4(1) : s € S}, and p(s) = x5(1). For example, the strands diagram

\

[o]

[o]
[o]

represents the partial permutation ({2,3,4,5},{3,4,5,6},p) € .A(6,4) given by
p(2) = 5, p(5) = 6,and p(i) = ifori = 3,4. It is straightforward to show
that, conversely, any partial permutation (S, T, p) can be represented using a
strands diagram. Presented in this way, the product ab is given by horizontal
concatenation of diagrams with a on the left and b on the right, subject to the
condition that the product is zero if either the right endpoints of the strands of

a do not match up with the left endpoints of the strands of b or if any two of the
strands cross each other more than once. The latter is the case precisely when the

corresponding partial permutations have inv(o o p) # inv(p) + inv(o). For example,
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we have

[o]
[o]

N
Y

\j
o o

afiant as
St

e
. # % R
-

Note that, in this presentation for A(n, k), we may think of inv(a) as the number
of crossings of two strands in a strands diagram a. Given a crossing in a strands

diagram, there is an unique way to resolve it so that the result is again a strands

S

— and we may use this to define a differential on A(n, k). Given a strands diagram

diagram — namely

a, let Cross(a) be the set of crossings of a. If ¢ € Cross(a), let a. be the strands

diagram obtained by resolving a at ¢ and define

da= Y a. (1.34)

crossings ¢
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For example,
e

0 = + . (1.35)
S

The fact that 9> = 0 is automatic from the fact that double crossings occur in

pairs a.» = a». and [ has characteristic 2.

Definition 12. The strands algebra with n places is A(n) = @ A(n, k) with the
2
usual product algebra structure and the differential induced by the differentials on

the summands.

Given a pointed matched circle Z = (Z,a, M, z), we define an algebra A(Z)
as follows. Given a set p = {p1,...,p;} of intervals in Z \ z with ends on a, which
we call Reeb chords, such that no two p; share a common endpoint — in which
case we say p is consistent — we may regard p as a strands diagram with 4k
places by placing two vertical copies of Z \. z parallel to each other and regarding
each p; as a strand connecting the initial endpoint p; of p; in the left-hand copy
of Z \. z to the final endpoint pi in the right-hand copy. As a partial permutation,
this strands diagram is (p~, p*, ¢), where p~ = {py,...,p; }, p* = {p1,..., 0] },
and ¢ : p~ — pT is the function defined by ¢(p; ) = p;. We then associate a

strands algebra element ag(p) € A(n) to p by taking

alp)= Y.  (Sup . SUup’ és), (1.36)

S|1SN(p~Upt)=2
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where ¢g: SUp~ — SUpT is the unique extension of ¢ such that ¢g|s = ids. Now,
given a subset s C [2k], say that S C [4k] is a section of M over s if M|s maps S

bijectively onto s. Define an idempotent I(s) € A(4k) by

I(s) = > 1(S). (1.37)

sections S of M over s

Definition 13. The ring of idempotents Z(Z) is the subalgebra of A(4k)

generated by the idempotents /(s). This algebra has unit

1= I(s). (1.38)

sC[2k]

We now define A(Z) to be the subalgebra of A(4k) generated by Z(Z) and the
elements Iay(p)I, where p ranges over all consistent sets of Reeb chords in Z.

Define the weight i part A(Z,7) of A(Z) by A(Z,1) = A(Z) N A4k, k + ).

Example 5. The algebra associated to the torus — whose pointed matched circle

is shown in Figure 3 — is isomorphic to the following path algebra quotient:
P1

—0
A(T?) 2 Path vt o, | =0 (1.39)
\_/‘ pP3pP2 = 0

P3

This algebra has basis ¢, t1, p1, p2, p3, P12, P23, P123-
C/@l and @

Definition 14. Let H = (3, a, 3, 2) be a genus g bordered Heegaard diagram for
a bordered 3-manifold (Y, ¢ : F(Z) — 9Y). A generator of H is an unordered

g-tuple ¢ = {1,...,2,} of points in ¥ such that precisely one x; lies on each -
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circle, precisely one z; lies on each a-circle, and at most one x; lies on each a-arc.

We denote the set of generators for H by &(H).

Given a generator x € S(H), let
0 ={i:xNaj # T}, (1.40)

i.e. 0, C [2k] is the set of a-arcs occupied by . We then associate idempotents
Ix(x) € Z(2) and Ip(x) € Z(—Z2) to x by taking [4(x) = I(0,) and Ip(x) =
I([2k] ~ 0z). These then give us a right-action of Z(Z) and a left-action of Z(—Z2)

on the vector space F&(H) as follows:

x-I(s)= (1.41)

and

I(s) -z = (1.42)

0 else,

respectively. In either case, the weight i summands of Z(Z) act trivially on

FS(H).

Definition 15. We now define an A,,-module ﬁF’\A(H) over A(Z). As a right

Z(Z)-module, @(H) is just F&(H). Now define maps
Mitp @(H) Rzz) AZ) ®1(z) - - R12) A(Z) — @(H) (1.43)
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by

mi(@,a(pr), . alp)= > Y. #MB(@yip..pn)y,  (144)

yeS(H) B € ma(x,y)
ind(B,p) =1

where 7y (x, y), ind(B, g), and MZ(z,y; p1, ..., p,) are as defined in [LOT18], and

taking ma(x,I) = @ and my,(x,...,I,...) =0if n > 1.

Definition 16. We similarly define a left differential module @(H) over
A(—Z), which we will think of interchangeably with its corresponding type-D
structure. As a left A(—Z)-module, @(H) is A(—Z) ®@z—z) F6(H). Now,
given a sequence of Reeb chords g = (—p1,...,—pn) in —Z = —0H, let

a(p) = a(—p1)---a(—pp). Given &,y € G and B € m(x,y), let

al,= Y #MP(z oy pa(—p). (1.45)

7| ind(B,5)=1

The differential on @(7{) is then given by

ez)= Y > ad,0u (1.46)

YyEG(H) Bemz(z,y)

We now give two examples adapted from ones given in [Lev17] and [LOT18|
and compute their box tensor product. For additional examples, we refer the

reader to Section 3.3.
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Example 6. Consider the following planar representation of a bordered Heegaard

diagram H, = (3, a, 3, 2).

on

We regard this planar diagram as residing in a disk D whose boundary is the
vertical line at right. The two disks labeled 1 represent a handle in >, which we
can recover from D by deleting the interiors of these two disks and gluing the
resulting boundary components along the identity map of S!. The right A-
module for this diagram is given as an F-vector space by @(’Hl) = F(a,b,c,d)
with idempotents given by aty = a, bty = b, ct;y = ¢, and di; = d. The holomorphic

disks supported by H; are

which tell us that my(d) = ¢, ma(a, p3) = b, ma(d, p2) = a, ma(d, p23) = b, and
ms(a, p1) = b and that all the higher structure maps vanish. Here, we indicate

regions in which a disk has multiplicity greater than 1 with a darker color.
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Example 7. Now consider the bordered Heegaard diagram

with @(Hg) = F(p, q,r) with idempotents given by t1p = p, toq = ¢, and or = 7.

The rigid holomorphic disks supported by this diagram are

q q q

3 " 3 " 3 !
p p p

2 2 2

1 1 1

1 1 1

0 0 0

which tells us that §' is given by 6*(¢) = 1 ® r + p3 ® p and §*(p) = py ® r. Using

this, we get that 6%(¢) = ps ® ps @ r and all higher 6* vanish.

Combining these, we get @(7—[1)&@(7{2) =F(a®q, a®r,b@p, c@p, dRp).

It is not hard to see that 9®(a®r) = 0¥ (b@p) = 0¥(c®p) = 0 and we can compute
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the remaining contributions to the box differential as follows:

Ma®q) = (my®id)o (id® ") (a ® q)
= (my®id)(a® (1o @7 + p3 @ P))
= ma(a, o) @ r +ma(a, p3) @p
=a®r+b®p

% (d®p) =my(d) @p+ (my @id)(d @ (p @ 7))
=cp+may(d,p) @7

=c®p+a@p.

In other words, the complex (@(’Hl) X @(7—[2), ™) is equal to

a®q d®p

SN SN

b®p a@r cRp

which has 1-dimensional homology. Indeed, the Heegaard diagram H; U H, is a

Heegaard diagram for S® and dimg EF(SS) = 1.
Bimodule invariants

In order to make full use of the power of bordered Floer homology, one
must also consider invariants of 3-manifolds with more than a single boundary
component. In the case of manifolds with two boundary components, the bordered
Floer package gives us four different types of bimodules. The input data for these
invariants consists of a compact 3-manifold with two parameterized boundary

components, as one would expect, along with a distinguished disk in each
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boundary component, a basepoint in the boundary of each disk, and a framed arc
connecting the two basepoints. These data may be encoded combinatorially in the

form of bordered Heegaard diagrams with two boundary components.

Definition 17. A genus g arced bordered Heegaard diagram with two boundary

components is a quadruple H = (X, @, 3, z) consisting of:
— a compact genus g surface ¥ with two boundary components 9,3 and 92
— a g-tuple B = {B4,...,3,} of pairwise disjoint circles in the interior of 3

N L L
— a collection @ = a®" U a® U a®®, where a® = {a",..., a5, } are arcs

R

. = R .
with boundary on 9; %, a®f = {a™, ..., a5 "} are arcs with boundary on

OrY, and o = {af, . .. ,a_, .} are circles in the interior of ¥, all of which

are pairwise disjoint, and
— apath z in ¥ \ (@ U B) between 9, % and drY,
such that ¥ \ @ and ¥ \. 3 are both connected and & and 3 intersect transversely.

Note that an arced bordered Heegaard diagram with two boundary

components gives rise to two pointed matched circles Z; and Zg given by

Zp = (=03, a®" N oL, my, zNILY),

and

ZR = (832 Oéa’R N 832 mpg,z M 835),

where m;, and mp are the matchings induced by the arcs a®? and a®%,

respectively.
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FIGURE 5. An arced bordered Heegaard diagram for the cylinder 7% x [0, 1] (left)
and the corresponding doubly pointed drilled diagram (right).

Definition 18. A drilling of an arced bordered Heegaard diagram H = (3, &, 3, 2)
is the ordinary bordered Heegaard diagram H4 obtained by deleting a small
neighborhood nbd(z) of z from ¥, smoothing corners, and then placing a
basepoint on any of the boundary components of nbd(z) which meets the interior
of ¥. In the case of an arced bordered Heegaard diagram with two boundary
components, there are two possible choices of basepoint up to isotopy, z; and

z_, and we denote the associated doubly pointed diagram by H?Z,. Note that the
pointed matched circle determined by Hgy,. is Z2 = Z;#Zg. In particular, the

algebra A(Z1) ® A(Zg) sits naturally inside of the algebra A(Z).

Definition 19. If H is an arced bordered Heegaard diagram, a generator of H is a

generator of Hg.. As before, we denote the set of generators of H by S(H).

Definition 20. To an arced bordered Heegaard diagram 7, one can associate a
type-DA bimodule @(H) By restricting to the subalgebra Z(Z;) ® Z(Zg)
of Z(Z#ZR), the vector space FS(H) becomes a left-right (Z(—21),Z(Zg))-
bimodule. As a left A(—Z;)-module, CFDA(H) = A(~Z2,) ®7(_z,, F&(#). The
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FIGURE 6. An arced bordered Heegaard diagram for the meridional Dehn twist of
the torus.

structure maps 8y, are defined by strict unitality and

5%_‘_”(%, a(p1)7 s 7a(pn)) = Z Z #MB<$7 Y; ﬁL; ﬁR)a(_ﬁL)ya
yeS(H) B € ma(x,y)
ind(B, gL, pr) =1

(1.47)
where ind(B, pr,, pr) and MP(x, y; pr; pr)are as defined in [LOT15].

Example 8. Consider the (weight 0) type-DA bimodule C/FE‘l(Tu, 0) = F(p,q,7),
corresponding to the arced bordered Heegaard diagram for the mapping cylinder
of the meridional Dehn twist 7, of the torus shown in Figure 6. The generators

of this diagram are the sets of intersection points p, ¢, and r determined by the
corresponding labels in Figure 6 and these have idempotents given by toptyg = p,
t1qt1 = q, and t1rg = r. One can show that the rigid disks supported by this

diagram, and the corresponding terms of the type- DA structure maps, are
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O

5(p,p1) =p1®q

O

5(p, p3,p2) = p3 @7

O

5(q, p23) = p23 ® ¢q

O~ =N

O~ N

O~ =N

3(p, p3, p23) = p3 @ q

O

5(r) =p2®@p

so, graphically, this type-DA bimodule is

P1®p1
+p123Qp123
+p3®(p3,p23)

p2®1 1®p3

p123®p12+p3R(p3,02)

20

O = =N

O = =N

O = =N

P23&p2

5(q,p2) = p23 @

O

o(r,p3) =q

: q DP23®P23

O = =N

O = =N

O = =N



1.3 Background on Khovanov Homology

Topological quantum field theories

Definition 21. Let R be a ring. A Frobenius algebra over R is a free R-module
V equipped with a multiplication map m : V ® V' — V', a comultiplication map
A:V - V®V, aunit map 1 : R — V, and a counit map € : V" — R such that

(V,m, 1) is an associative R-algebra, (V, A ¢) is a coassociative coalgebra, and the

diagrams
VeV 22 veveV VeV L veveV
ml lid@m and ml lm@id (1 48)
commute.

It is a classical result, the proof of which uses Cerf theory, that commutative
Frobenius algebras over R are in bijective correspondence with 2-dimensional
topological quantum field theories. The latter are symmetric monoidal functors . :
Cob'™ — rMod, where Cob'™ is the category of closed 1-dimensional manifolds
and compact cobordisms between them with monoidal product given by disjoint
union. This correspondence associates the multiplication and comultiplication
maps to the pair of pants cobordisms O U (O — O and O — O U (), given
by merging and splitting two circles, respectively, and the unit and counit maps
to the cup and cap cobordisms @ — () and () — &, respectively. Of particular
interest to us is the 2-dimensional commutative Frobenius algebra V' = R[z]/(x?),
where R is a ring, with counit given by (1) = 0 and ¢(x) = 1 and comultiplication
given by A(l) =1 ®@z + 2 ® 1 and A(x) = z @ x. We henceforth refer to V' as the

Khovanov TQF'T.
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Khovanov homology

In 1985 [Jon97], Vaughan F.R. Jones defined his now famous polynomial

invariant J(L) for links using von Neumann algebras. It was quickly realized by

Kauffman [Kau87] that the Jones polynomial can be computed combinatorially as
J(L) = (=1)"q" (D) (1.49)

where D is any diagram for L, n, and n_ are the number of positive and negative
crossings in D, and (D) is the Kauffman bracket uniquely characterized by its

value

(O)=aq+q" (1.50)

on the unknot and the Kauffman bracket skein relation

K =00 -e(=)- (151

Not long after its introduction, in the 1990s, the Jones polynomial was used by
Kauffman [Kau87], Murasugi [Mur88], Thistlethwaite [Thi87b, Thi87a|, and
Menasco-Thistlethwaite [MT93] to prove the Tait conjectures, which were first
formulated by Peter Guthrie Tait in the 1890s [Tai98]. Later, in the early 2000s
[Kho00, Kho03], Mikhail Khovanov introduced invariants for links . C S, the
Khovanov homology Kh(L) and reduced Khovanov homology IA(ﬁ(L) respectively,
taking values in the category of bigraded abelian groups — or more generally R-
modules. These invariants are categorifications of the Jones polynomial in the
sense that the graded Euler characteristics x,(Kh(L)) and Xq(ﬁz(L)) coincide
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with the unnormalized and normalized Jones polynomials J(L) and J(L) = %,
respectively. Here, the graded Euler characteristic of a bigraded abelian group
C= @Ci’j is the polynomial

irj

Xq(C) =D (—1)'g’rk(C™). (1.52)
4,3

These homology groups are functorial under smooth link cobordisms and have
been used to great effect in low-dimensional topology. There are a variety of
spectral sequences, many of which are themselves link invariants (cf. [BHL19]),
whose E2-pages are given by either Khovanov homology or its reduced version
[?71(1)) (cf. [OS05, Blo11, KM11, BHL19, BS15, Dow18] for some examples). In
[Ras10], Rasmussen used the spectral sequence defined by Lee in [Lee02] to define
the s-invariant s(K') of a knot K and used this to give a combinatorial reproof of
the Milnor conjecture — that the slice genus of the (p, ¢)-torus knot is @_1)2& —
the original proof of which, due to Kronheimer-Mrowka [KM93], relied heavily on
gauge theory. Similarly, the s-invariant can be used to give a combinatorial proof
of the existence of exotic smooth structures on R* (cf. [Ras05]). More recently,
the s-invariant was used by Piccirillo in [Pic20] to show that the Conway knot is
not smoothly slice and, in a similar vein, Hayden-Sundberg show in [HS21] that
the cobordism maps on Khovanov homology can be used to distinguish exotically
knotted smooth surfaces in the 4-ball which are topologically but not smoothly
isotopic.

In [Kho02], Khovanov defined algebras H,, the arc algebras on 2n points,

and associated to an (2m, 2n)-tangle diagram T' a complex of (H,,, H,)-bimodules

Ckn(T) whose chain homotopy type is an invariant of the underlying tangle in
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D? x I. These bimodules and their variants can also be used to define invariants of
annular links (cf. [BPW19, Lip20, LLS22]) as well as links in S? x St (cf. [Roz10,

Wil21, MMSW19]).
The construction

Khovanov homology with R-coefficients is defined using the Khovanov TQFT
as follows: given a diagram D for a link L with ¢ crossings, numbered from 1 to
¢, we first produce a commutative cube 2¢ — Cobé“, where 2¢ is the cube with
vertices {0,1}¢ and one edge @ — b if and only if we have a = (a4,...,a.) and b =
(by,...,b.) with a; = b; for all i # j and a; = 0 while b; = 1. Here, Cobé+1 is the
category obtained from Cob'™ by allowing all objects to be formally ¢-graded; we

refer to the ¢ grading as the quantum grading. To construct this cube, we replace

X

each crossing of the form

with the local morphism

J () (—>qi> (1.53)

where the map is given by the (minimal) saddle cobordism, extended by the
identity away from the crossings. We declare the underlined term of this map to
lie in homological grading zero, h and ¢ are the homological and quantum grading
shift operators, and (n_,n,) is either (1,0) or (0,1), depending on whether or not

the crossing is positive or negative according to the convention shown in Figure 7.
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X X

Jr
FIGURE 7. Positive and negative crossings.

Remark. We use Khovanov’s original convention for resolutions of crossings, i.e.
) ( is the O-resolution of X while : is the 1-resolution. Much of the literature,

including [OS05], uses the opposite convention.

One then obtains the Khovanov cube by applying V', thought of as a
topological quantum field theory, to this cube of total resolutions, declaring that
x lies in quantum grading —1 and 1 lies in quantum grading 1, and inserting signs
on the edges so that each face anticommutes. The Khovanov complex Cgp,(D; R) of
D with R-coefficients is then obtained by flattening this cube along homological
gradings and the homotopy type of this complex is an isotopy invariant of the
underlying link, justifying the notation Kh(L; R) for its homology. The reduced
Khovanov complex C, kn(D; R) is defined similarly except that one first chooses a
basepoint on L whose image in D is not a crossing point and then associates the
submodule Rx of V' to the marked component of each resolution, associating V' to
the remaining components as usual?. This still gives a well-defined complex and its
homology ﬁz(L; R) is again an isotopy invariant of L but it depends, in general,
on the component of L upon which the basepoint was placed. However, EL(L; F)

is known to be basepoint-invariant.

20ne may instead consider the quotient of Cxy,(D; R) by this subcomplex; the resulting
homology is the same, a fact which will be important for us later.
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Bar-Natan’s dotted cobordism category

We collect here a few basic facts regarding Bar-Natan’s geometric
interpretation of Khovanov homology for tangles as they appear in [BN05] and
[BNOT].

Definition 22. Define® Cob, to be the category whose objects are formally g-
graded direct sums of (possibly empty) compact 1-manifolds and whose morphisms
are matrices of dotted cobordisms between them modulo the following local

relations:

and

L DdOd

called the sphere, dotted sphere, two dot, and neck cutting relations, respectively.
In [BNO7], Bar-Natan proves the following theorem.

Theorem 1.3.1 (Delooping). The maps

q‘® @

(1.56)
0 O

= d
are mutually inverse isomorphisms in Cob,, where the middle column is regarded as

the formal direct sum ¢ '@ © q2.

3What we denote by Cob, is actually what Bar-Natan denotes by Mat(Cob? /2).
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Delooping shows us that Cob, encodes the Frobenius algebra V' = R[x]/(2?) as a
topological quantum field theory in the sense that, if one replaces each instance of
the empty set by the ring R, then the two pairs of pants yield the multiplication
and comultiplication maps and the cup and cap cobordisms yield the unit and

counit maps after delooping. For example, the diagram

0
q2®Q1
A O~ ) 1o
O —
@F’qQﬁWQ—)O\

6 06

[@ &) @}
© 6 &)
obtained via delooping exhibits a factorization of the multiplication map on V' =

¢ 'R @ qR, given in matrix form with respect to the basis {z,1} by

¢ 2R [0 11 0]

R 00 0 1 -1p

Y REEEN] as
R

as a sequence of elementary cobordism maps in Cob,.

In [BNO5], Bar-Natan introduced a variation on Cob, associated to a closed
disk with an even number of marked points on the boundary — or more generally
an “output” disk with some number of “input” disks removed from its interior and

an even number of endpoints on each boundary component.
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The objects of this category are, instead, flat tangles in the disk with ends
on the marked points and morphisms are cobordisms of flat tangles in D? x [0, 1]
which are cylindrical near 9D? x [0, 1] and transverse to the ends, modulo the same
local relations. In particular, delooping also holds (for nullhomotopic loops) in
these categories. Let Kom(Cob,) be the category of chain complexes in Cob,. One
can then associate a chain complex [T] € Kom(Cob,) to any oriented tangle 7" in
the disk, as in the construction of Khovanov homology, by replacing each crossing

with the two term complex

hore gt <) (— q:) ,

extending each map by the identity cobordism away from the crossings,
introducing signs so that each face of the cube anticommutes, and flattening the

resulting cubical complex in each homological grading.

Example 9. One may show that the complex associated to the braid s;s;s3 € By,

where s; is the i*® positive braid generator, is given by

E= LRy
J— oC - 1I—
1 _ - E _ -
J— 1 D C
>c >
J— —_— J— —_— D D
= O B I A I B2 S 7=
0 — > q |DC > q >qf,
J— I O C C
> BA

(1.58)
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where a planar tangle diagram with an arc connecting two strands denotes the

saddle cobordism obtained by merging the two strands along the arc — for

I___>DC

example, the morphism is the saddle cobordism joining the

. Here, the q3E term sits in homological grading zero.

top two strands of

The homotopy type of the complex [T7] is a tangle invariant and it can
be shown that complexes in these categories fit together into the structure of a
planar algebra [BN05, Section 5] in such a way that if 7" is a tangle diagram which
decomposes as T' = T UT"”, where T" is the intersection of T" with a small disk,
then the complex associated to 7' is homotopy equivalent to the planar algebraic

tensor product of the complexes for 7" and T".

Theorem 1.3.2 (Gaussian elimination [BNO7]). Let ¢ : by — by be an isomorphism
in an additive category C, then a chain complex in Mat(C) containing a four-term

segment of the form

A B, L

» m > |:bI:| [0 Ewlél [bé] oAy (1.60)

AP g 1 p., (1.61)
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FIGURE 8. The set €, of planar crossingless matchings on 4 points.

Delooping and Gaussian elimination are particularly useful for computing
Khovanov homology in concert with the planar algebraic nature of the complexes
via a divide and conquer strategy. In particular, one can decompose a link diagram
into sub-tangles, compute and simplify locally using delooping and Gaussian
elimination, then glue the simplified complexes back together to obtain a complex
homotopy equivalent to the complex for the original link diagram. After replacing
each empty set with R and flattening along homological gradings, the resulting

complex of R-modules is homotopy equivalent to Cg,(L; R).

Bimodule invariants of tangles

We recall the following definitions and results from [Kho02]. For any n, let
¢, be the set of planar crossingless matchings on 2n points. The arc algebra H,, on

2n points over R is defined by

Hy=q" @ ca((]]). (1.62)

a,bEQn

where a' denotes the diagram a flipped across the vertical axis and Cgy (L) is the
usual Khovanov complex associated to a link by applying the Khovanov TQFT
Cxn(O) = V := R|z]/(z*) to the Bar-Natan complex. The multiplication on this

algebra is given by the maps Cgy(a'b LU b'c) — Crp(a'c) induced by the minimal
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saddle cobordisms b LI b' — id. For example, if

=)

then the minimal saddle cobordism for b is

b —id =

There is a complex of (H,,, H,)-bimodules Cgy,(T") associated to any (2m, 2n)-

tangle T', given by

) =a" P ca((]r]]D) (1.63)

aG@m,béen

The homotopy type of Cgy(T') is an invariant of T' as a tangle in D? x [0,1] and

these bimodules satisfy the gluing property

7,Cxn (1) u,, @1, Cxn(12) 1, = 1,Crn (T 1) m,,, (1.64)

where 1175 is the tangle obtained by gluing the right-endpoints of 77 to the left-
endpoints of T, making Cg;, into a projective 2-functor from the 2-category of
tangles and tangle cobordisms (cf. [KhoO6]) to the 2-category of bimodules over

the algebras H,,, where n ranges over all non-negative integers.
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CHAPTER II

BORDERED FLOER HOMOLOGY AND COMPOSITION

In this Chapter, we prove the following theorem.

Theorem 2.0.1. Let Yy, Ys, and Y3 be bordered 3-manifolds, all of which have
boundaries parametrized by the same surface F, and let A = A(—F) be the algebra
associated to —F. Let Y;; = —=Y; Up Y; and consider the pair of pants cobordism

W Yo U Yos — Yi3 given by
W = (A X F) U€1><F (61 X }/1) U€2><F (62 X }/2) U63><F (63 X }/:3), (21)

where A\ is a triangle with edges ey, es, and es in cyclic order. If we define
Mor(Y;,Y;) = MOIA(@O/Z-), @(Yj)) to be the space of left A-module
homomorphisms @(Y,) — @(Y]), then the composition map f & g +— go [ fits

into a homotopy commutative square of the form

Mor?(Y1, Ya) @ Mor?(Ys, Ys) 897901, Mor?(Y7, Ys)

gl lﬁ (2.2)

—_—

CF(Y13) ® CF(Ya3) W CF(Y)

where fW is the map induced by W and the vertical maps come from the pairing

theorem [LOT11, Theorem 1].

To show this, we use a bordered Heegaard triple AT, originally defined by

Auroux in [Aurl0]. In particular, we prove the following.

Theorem 2.0.2. Let H; be bordered Heegaard diagrams for bordered 3-manifolds

Y; fori = 1,2,3 and let H; be the bordered Heegaard triple obtained by doubling
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the B-circles in H; by a small Hamiltonian isotopy. Then the map
Gar - Mor (Y1, Ya) @ Mor™ (Y, Y3) — Mor(Yy, Y3) (2.3)

induced by counting pseudoholomorphic triangles in ATy a3 := ATUHT UHT UHS,
identifying Mor™(Y;, Y;) with @(Y}) X AKX @(Y}), agrees up to homotopy with

the composition map f ® g+ go f.

We then discuss a construction of 4-manifolds with boundary and corners
from bordered Heegaard triples and show (Corollary 2.3.2) that the triple AT; 53
represents a variant of the pair of pants cobordism described above and use this
to prove Theorem 2.0.1 via results of Zemke [Zem2la, Zem21b|. Lastly, as a
consequence of Theorem 2.0.1, we give a new algorithm for computing the map
ﬁ(Yg) — ﬁ(Yl) associated to a cobordism X : Y, — Y, at the chain
level, via composition of morphisms. This algorithm gives an alternative to the

combinatorial approaches of [LMWO08] and [MOT20].

2.1 An Interpolating Triple

In [LOT11], Lipshitz—Ozsvath-Thurston show that, for bordered 3-manifolds
Y and Y, with the same boundary, the chain complex MorA(@(YI), @(Yg))
of A-module maps @(Yl) — C/'FT?(YQ) is homotopy equivalent to the Heegaard
Floer chain complex E’F(—YI Ug Y2). There, they considered an («, §)-bordered
Heegaard diagram AZ(Z), first introduced by Auroux in [Aurl0], associated to Z
and show that the bordered Floer bimodule @(AZ(Z )) is isomorphic, as a left-

right (A(—Z2), A(—Z2))-bimodule, to the regular bimodule 4_z)A(—2)4-z). As a
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corollary, they then deduce that

CF(~Y1 Uy Ya) = CFD(Y1) R CFAA(AZ(Z)) ¥ CFD(Y,) 04
2.4

~ Mor*=®)(CFD(Y;), CFD(Y3)).

The diagram AZ(Z) is defined as follows: if k is the genus of the surface F(Z)
determined by Z, consider the planar triangle Ay bounded by the coordinate axes
and the line x + y = 4k + 1, which we will call the diagonal of Ay. Let ¥’ be
the quotient of Ay by identifying small neighborhoods of the points (i,4k + 1 — 7)
and (j,4k + 1 — j) in the diagonal if ¢ and j are matched in Z in such a way that
the result is an orientable genus k surface with a single boundary component. If ¢
and j are matched in Z, then the disconnected subspace Ay N ({z =i} U{z = j})
descends to a single arc 3; in ¥’ and, similarly, the subspace AyN({y = 4k+1—i}U
{y =4k + 1 — j}) descends to a single arc a;. Let ¥ be the result of attaching a 1-
handle to 0%’ along the O-sphere {(0,0), (4k+1,0)} and let z be a neighborhood of
the core of this 1-handle. Then AZ(Z) is the diagram (X, o, 8, z), where o = {o; }
and 8 = {4;}.

We will consider a similarly defined bordered Heegaard triple associated to
Z, also due to Auroux, which we call AT(Z). We construct AT(Z) as follows: if, as
before, k is the genus of F/(Z), consider the square [J;, in the plane bounded by the
coordinate axes and the lines = 4k + 1 and y = 4k + 1 and let Y’ be the quotient
of Oy obtained by identifying small neighborhoods of the points (i,4k + 1) and
(7,4k + 1) in the segment O, N {y = 4k + 1} if i and j are matched in Z in such a

way that the result is an orientable genus k surface with one boundary component.
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FIGURE 9. The triangle Ay and the arcs which descend to the a- and [S-arcs in
the interpolating piece AZ(Z) associated to the unique genus 1 pointed matched
circle.

FIGURE 10. The diagram AZ(Z) associated to the genus 1 pointed matched
circle.
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Now, if 7 and j are matched in Z, then the disconnected subspaces

g=0enN{—-z+y=4k+1—-i}U{—z+y=4k+1—j})
di=0,N{z=i}U{z=j}) (2.5)

ei=kN{z+y=4k+1—-i}U{e+y=4k+1—-j})

descend to single arcs 7/, 0}, and &}, respectively, in ¥'. Now let Ya7 be the

result of attaching 1-handles to 9% along the O-spheres {(0,0), (4k + 1,0)} and
{(4k + 1,0), (4k + 1)} and let z be a neighborhood of the core of either handle
and take AT(Z) to be the triple (Xat,~,d, €, 2), where, as before, v = {7},

0 = {0;}, and € = {g;} are given by suitably generic Hamiltonian perturbations
of the arcs v/, 0!, and ;. Note that the unperturbed arcs have nongeneric triple
intersections so the perturbations are strictly necessary in order for the result
to be an admissible diagram in the sense of [LOT18]. We will perturb the triple
intersections, in the same manner as given by Auroux in [Aurl0], as shown in
Figure 11. We also include in AT the data of an embedded trivalent tree z as
shown in Figure 12; in the quotient AT, this tree has one leaf on each boundary
component.

Since it will be convenient for us to have done so later, we will modify AT
slightly by assuming that the spaces g; and e; are given by lines of slope tan(F)
and tan(%“), respectively, instead of 1 and —1. We assume these again meet the
top boundary segment of O, at the points (i,4k + 1). If we think of these lines as
the intersections of lines in R? with [y, then the perturbations of the curves in AT
which removes the nongeneric triple points can be realized by translations of the

g- and e-lines in the plane as shown in Figure 13. This choice is motivated by the

proof of Lemma 2.2.5.
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FIGURE 11. Auroux’s perturbation convention for triple intersections in AT(Z).

N

AN
/1]

FIGURE 12. The square [J; and the arcs which descend to the -, d-, and e-arcs
in the interpolating triple AT(Z) associated to the unique genus 1 pointed matched
circle.

T - A,\B < 5&0
NN

AN AT
Y g~ Y 9
D ) DC D ) DC

FIGURE 13. Perturbing the diagram using planar translations to obtain the triple
AT(Z) (right) associated to the genus 1 pointed matched circle. Here, we draw the
segments of dLJ;, which are identified in AT as oriented black lines and label the
glued pairs of segments with the same letter.
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Now let 1 be any one of v, 8, or € and let 9,AT(Z) be the component of
OAT (Z) which intersects m nontrivially. Note that, by construction, the result
of forgetting 1 and gluing a disk to ¥ along 0,AT(Z) is a copy of AZ(Z). For
1,0 € {~,0,¢e}, let AZ,4 be the diagram obtained by deleting the collection
of arcs ¢ € {7v,0,e} ~ {n,0} and let A,y = @(AZUQ). We recall [Aurl0,
Proposition 4.8] which says that the map A;. ®r A, — A, given by counting
provincial holomorphic triangles in AT(Z) coincides with multiplication under the

identification of A,y with A(Z).

Proposition 2.1.1 ([LOT11], Proposition 4.1). The left-right (A(Z), A(Z))-

bimodule @(Azng) is isomorphic to A(Z).

Sketch. We identify the generating set G(AZ,) with the usual basis for A(Z) in
terms of strand diagrams. A generator € € G(AZ,y) is a set of points in nNA. To a
single intersection point € MO, we associate a Reeb chord or smeared horizontal
strand in Z = (Z,a, M) as follows. First, draw Z above the square, oriented from
left to right, with the set of points a identified with the boundary intersection
points of  and 0. Next, note that there are unique segments e and g in the square
passing through x and there is an unique triangular (or empty) region T, of [y
bounded by the segments e and g and the line y = 4k + 1. If T}, is empty, then z is
a boundary intersection point and we associate to it the smeared horizontal strand
given by the matching M. Otherwise, we associate to x the Reeb chord p, in Z
determined by the line segment T, N {y = 4k + 1}. A generator ¢ € G(AZ,y)
may therefore be identified with a set of Reeb chords and smeared horizontal
strands and, hence, with a strand diagram. It is straightforward to see that this
identification gives a bijection between &(AZ,4) and the usual basis for A(Z).

Note also that we may identify the left- and right-idempotents of a generator
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P23 = L1pa3t1 € Ay

FIGURE 14. Identifying a generator © € &(AZ,) with the algebra element p,, €
A(Z). In A(—2Z), this same generator is identified with p,,.

with the collections of left- and right-endpoints of the segments T, N {y = 4k + 1},
respectively. The identification we have given here is equivalent to the one given in
[LOT11]. To recover theirs from ours, note that if 7}, is nonempty, then there is an
unique rectangular domain R, in AZ,y bounded by the leftmost segment of dL;,
n, and T, N O with vertices at x and the topmost endpoint of T, N 6. Drawing Z
oriented downward and to the left of AZ,y so that a is identified with n N 0AZ,y,
one can verify readily that the Reeb chord in Z determined by R, N JAZ,y

is precisely p,. Lastly, the diagram AZ,y is nice in the sense of [SW10] so the
differential on @(Azng) counts only embedded rectangles, the only nontrivial
As-operations are the msy maps, and these operations count half-strips — i.e.
bigons asymptotic to Reeb chords at the boundary. It is then straightforward to
identify the differential and bimodule structures on @(AZW) with those on

A(2). O

Remark. One way to think about the module actions on C/FE4(AZ,79) is as follows.

Suppose x and y are generators such that the collection of right-endpoints of the
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segments T,,, N {y = 4k + 1} for z; € & = {z1, ...,z } coincides with the collection
of left-endpoints of the segments T, N {y = 4k + 1} fory; € y = {y1,...,u}-

In this case, there is a bijection f : [k] — [k] with the property that T, N T}, = is

precisely the common vertex of the triangles 7, and 7}, . when ¢ = j and empty

Yr i
otherwise. Note that there is an unique (possibly empty) rectangular region R;

with the property that 7., := T, UT,, U R; is again a triangle. The product

£G)
@ - y is then precisely the collection of intersection points z = {z1,...,2;}. One
may verify that this coincides with the usual algebra structure on A(Z) under

the above identification and with the left- and right-module structures under the

identification from [LOT11].

We now define the map m : As. ®r A5 — A,.. Let A be a triangle with
edges e, €5, and e., ordered clockwise, and let e,9 be the unique point in e, N eg.
Now let W = int(AT) x A and fix generators p € &(AZs.), 0 € &(AZ,s), and
T € 6(AZ,.). Denote by m(p, o, 7) the collection of all homology classes of maps
(S,08) = (W,v x e, Ud x e5 Ue X e.), where S is a Riemann surface with
boundary and boundary marked points s.s, s5., and s., such that s.s — p, s5. —
o, and s., — 7. As in Section 10 of [Lip06], one may pick a sufficiently nice almost
complex structure J on W so that, for each A € my(p, o, 7), the moduli space
MA(p,a,7) of embedded J-holomorphic curves (S, 9S5) = (W, v X e,Ud x esUe x e.)
in the homology class A such that u(s,s) = p, u(ss:) = o, and u(s.,) = Tis a
smooth manifold whose dimension is given by the Maslov index ind(A) of A. We

then define m on generators by

m(p® o) = Z Z # M (p,0,7)T. (2.6)

TEG(AZye) ind(A)=0
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Yo

N\

Y €
C
D 2 5 D
o=p € -Aé,e
® = Py3 € -A'y,é

© = Pio3 € A’y,s

FIGURE 15. An embedded holomorphic triangle in AT(Z) representing the
multiplication m(p,; ® p;) =  pias in the algebra A(Z)P or, equivalently, the
multiplication m(p;, ® p;) = pus in A(—2Z), where Z is the genus 1 pointed
matched circle.

Proposition 2.1.2 ([Aurl0, Proposition 4.8]). The map m : As. ®r Ays — Ay

coincides with the multiplication map under the identification of each A,y with

AZ).

As noted in the introduction, we will be working over the algebra A(—Z2).
However, it is a standard fact that this algebra is isomorphic to A(Z)°. Indeed,
one can identify the generators &(AZ,y) with the usual generators for A(—2Z2) in
precisely the same way as we did for A(Z) with the sole exception that we draw Z

above AZ,y oriented from right to left, rather than from left to right.
Corollary 2.1.3. m coincides with the multiplication map A,s®@pAse = A, under

the identification of A, with A(—Z2).

Remark. By construction, the map m counts only pseudoholomorphic triangles

which do not meet the boundary of AT. One could instead count all rigid triangles
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in AT, in which case one would expect to see additional terms in m. However,
Lemma 2.2.5 below tells us that these maps coincide. See [LOT16] for further

details on pseudoholomorphic polygon maps in bordered Floer homology.

2.2 Composition and Triangle Counts

Definition 23. We say that f € Mor?(Yy,Y3) is a basic morphism if there are
left-module generators u € @(YI) and v € @(YQ) and an algebra generator

p € A(—Z2) such that f(u) = pv and f vanishes on all other generators.
Lemma 2.2.1. The set of basic morphisms forms an F-basis for MorA(Yl, Ys).

Proof. Let uq,...,u,, € @(YI) and vy,...,v, € @(Yg) be the generators
for a given choice of bordered Heegaard diagrams for the Y;. For j = 1,...,m, let

fl.., fgj be the distinct basic morphisms for which f/ (w;) = pijVk, ) is nonzero.

ihj

Suppose that there is a linear dependence

> cifl =0 (2.7)

%,J

between them. For a given j, we then have a linear dependence
Z Cijfz'j (u;) = Z CijPijVk(ij) = 0 (2.8)

but the p;;vy ;) are all distinct, hence F-linearly independent, since the fij are

basic and distinct so ¢;; = 0 for all 4 and j. Now given g € Mor?(Y3, Yz), write

9(u;) = Zaz‘jvi- (2.9)
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For each 7 and j for which o,;v; # 0, one can then define a basic morphism g; ; by

taking g; j(u;) = o;;v; and g¢; j(u;) = 0 for k # j. We then have that
0,

by construction so the basic morphisms span MorA(Yl, Ys). O

The identification
Mor4(Y;,Ys) = CFD(Y;) K A(—2) B CFD(Ya) (2.11)

can then be given in terms of basic morphisms as follows: suppose we have a basic
morphism f : C/’FT?(Yl) — @(Yg) defined by f(u) = pv, then f is sent
under this isomorphism to the tensor product uw X p X v. If we have a second
basic morphism ¢ : @(Yg) — @(YE},) determined by g(v) = ow, then the

composition g o f is given at the level of box tensor products by
(TXRoRw)o(uXpXRv)=ukXKpsrXw, (2.12)

so we we may realize the composition map f ® g — g o f explicitly in terms of the
multiplication operation on A(Z) as:

WX pXRv)@ @RoRw) S uXpRo(v) KoK w
(2.13)

o

—uNpNR,RoXw—uNpRoXw S uXpoXw,

where ev : @(YQ) ®F @(YQ) — A is the evaluation map * ® h — h(x) and

the map preceding m“ is given by the isomorphism AR Z K A = AKX A. Note
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that this penultimate step is possible because v is a generator and the restriction
of the evaluation map to the F-vector subspace of @(Yg) QF @(Yg) spanned
by elements of the form v ® U, where v is a generator as above, takes values in the

subring Z of idempotents of A(Z).

Small perturbations

In this subsection, we show that a small perturbation of the S-circles of a
bordered Heegaard diagram H = (X, «, 3, z) induces an isomorphism of type-D
modules. Let (3, , 3,4, ) be a provincially admissible bordered Heegaard triple
with one boundary component such that 8 and ~ consist entirely of circles. Then
(%, 8,7, ) is an admissible balanced sutured Heegaard diagram for the sutured 3-
manifold Y3, \ B® with a single boundary suture. The corresponding sutured Floer
complex SFC(X, 3,7, z) is isomorphic to the ordinary Heegaard Floer complex

ﬁ(Ym) (cf. [Juh06, Proposition 9.1]). We may then define a type-D morphism

Fasy : CFD(Yag) ® CF(Ys,) — A® CFD(Ya,)

for@ey)= > > d,, 0w, (2.14)

weS(a,y) BeEma(x,y,w)

where

ag,y,w = Z #MB(wa%waﬁ)a(_ﬁ) (215)

7| ind(B,p)=0
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Here, mo(x, y, w) is the space of homology classes of Whitney triangles
connecting x, y, and w, M®Z(x,y, 2z; p) is the moduli space of pseudoholomorphic
representatives of B with asymptotic condition g at east infinity, and a(—p) is
defined as before. The fact that fam is a morphism of type-D structures follows
from a straightforward variation on the usual proof that 9> = 0 for @(Y)
Alternatively, it is a special case of [LOT16, Proposition 4.29].

For 3! a small Hamiltonian perturbation of 3°, we will show that the map
]/[;5051 induces an isomorphism @(Yaﬁo) — @(Yaﬁl). We recall the following

standard lemma [OS04b, Lemma 9.10].

Lemma 2.2.2. Let FF : A — B be a map of R-filtered groups admitting a
decomposition F' = Fy + { where Fy is a filtration-preserving isomorphism and
Ux) < Fy(x) for all generators . Then, if the filtration on B is bounded below, F

1S an tsomorphism.

We recall here the definition of the energy filtration on @(i, a, 3, z) from
[LOT18, Chapter 6], assuming that (3, o, 3, z) is admissible. Choose an area form
on ¥. Given a Spin‘-structure s on Y, define F : &(3, o, 3,5) — R as follows:
choose any generator £, € &(X, a, 3,s) and set F(xz;) = 0. For any other

generator ¢ € &(X, , 3,5), choose Ay, 5 € To(xo, ) and let
F(x) = —Area(Agyz)- (2.16)

This definition is independent of the choice of A, . since (3, a, 3, z) is admissible.
For an algebra element a € A such that ax # 0, define F(ax) = F(x). Then F

induces a filtration on @(i a, 3, z2).
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Let Hop = (X, @, 3% 2) be an admissible genus g bordered Heegaard
diagram. Provided B! is a sufficiently small perturbation of 3%, we may identify
x € 6(%, o, s) with its “nearest neighbor” ' € &(3, a, B',5). This
identification extends to a vector space isomorphism @(i a, B z2) —

@(i a, B, 2) — which then extends automatically to an isomorphism ¥g_,;
of type-D structures.

Note that if B! is a small perturbation of 3° as above, then the homology of
the complex ﬁ(%ﬁo/gl) associated to the diagram Hgos = (3,, 8% B, 2) is given
by EF(#Q 5% x S1) since Hgop is an admissible balanced sutured Heegaard diagram
for #952 x S\ B3.

Lemma 2.2.3. Let @gf})ﬁl denote the canonical top-dimensional homology class in

EF(#QSQ x S1). Then the map ﬁ;%%ﬁl : @(Haﬁo) - A® @(Halgl) given by

T fagos (2 ® OF) (2.17)
15 an isomorphism of type-D structures. Moreover, this map is homotopic to the

nearest point map.

Proof. Let T, € my(zx, @gﬁ%l,wl) be the canonical smallest triangle, which has an
unique holomorphic representative by the Riemann mapping theorem. Provided
our perturbation is small enough, we may assume that the area of T, is smaller
than the areas of all classes in 7y (2, y) for any generators  and y in either
&%, a, 3% 5) or B(%, a, B, 5). Moreover, we may choose the area form so that T},
is the unique triangle of minimal area connecting x, y, and @tﬁ%%l among all y €
&(%, o, B). Let F3 be the filtration on CFD(T, o, B, 2) defined as above. Define
a new filtration F! on CFD(E, o, B, 2) by taking Fl(z!) = Fl(z') — Area(Ts,).
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As in [LOT18, Proposition 6.41], the map ﬁ;‘;%@ is filtered with respect to F and
F! and the filtration-preserving part of ]3;%% g is given by Wo_,;. Note that we may
promote ﬁ;%%ﬁl and Uy_,; to maps A ® @(i a,Bz) - A® @(i a, B 2)
of differential left A-modules by taking ﬁ;%% pla®@z) = aﬁ;%% g (x) and similarly
for Wy_,1. Since ¥y_,; is a vector space isomorphism, it follows from Lemma

2.2.2 that ﬁ;oﬁ% g is an isomorphism of differential left .A-modules and hence of
type-D structures. One can easily adapt the argument given in [Gut22, Lemma

5.4] to show that ﬁ;%% g is homotopic to the nearest point map (cf. also [Lip06,

Proposition 11.4]). O

We now recall a few definitions and results about holomorphic polygons
with Reeb chord asymptotics. Denote by D,, an n-gon, i.e. a disk with n labeled
punctures on its boundary. Label the boundary arcs clockwise as eg, ..., e,_1
and let p; ;11 be the puncture between e; and e; 1. Define Conf(D,,) to be the
moduli space of positively-oriented complex structures on D,, up to labeling-
preserving biholomorphisms. Recall that this space has a Deligne-Mumford
compactification Conf(D,,) which is diffeomorphic to the associahedron and whose
boundary dConf(D,,) consists of trees of equivalence classes of complex structures

on polygons with each edge representing a gluing of two polygons along a vertex.

Definition 24 ([LOT16, Definition 3.5]). For a fixed symplectic form wy, on a
Riemann surface X, an admissible collection of almost-complex structures is a
choice of R-invariant almost complex structure J on ¥ x [0, 1] x R and a smooth
family {Jj}jeconf(Dn) of almost complex structures on ¥ x D,, for each n > 3 such

that the following conditions hold:

— For each j € Conf(D,), the projection mp : ¥ x D,, — D, is (J;, j)-

holomorphic.
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— For every j € Conf(D,,), the fibers of mp are J;-holomorphic.
— Every J; is adjusted to the split symplectic form wy, @ w; on X x D,,.

— Each J; agrees with J near the punctures of D, in the sense that every
puncture has a strip-like neighborhood U in D,, such that (£ x U, J;j|sxv)

and (X x [0, 1] x (0,00),J) are biholomorphically equivalent.

— If (jx) is a sequence in Conf(D,,) converging to some point j,, € dConf(D),)
lying in the codimension-1 boundary stratum, i.e. a point (jeo 1, joo2) €
Conf(Dy,41) x Conf(D;,_y,41) for some m, then the complex structures J;,

converge to J;_, U Jj_, on (3 X Dyyq) U (X X Dp_py1). Convergence

00,2
here is in the sense that, as k — o0, some arcs in D,,; collapse and,

over neighborhoods of these arcs, the complex structures .J;, are obtained
by inserting longer and longer necks the J;, converge in the C*°-topology

outside of these neighborhoods. The analogous compatibility condition is

required for points lying in higher codimension boundary strata.

Definition 25 ([LOT16, Definition 4.5]). Let (X, a, 3%, ..., 8", 2) be an
admissible bordered Heegaard multidiagram in the sense of [LOT16, Definition
4.2], where o is a complete set of bordered attaching curves compatible with Z.

Let S be a punctured Riemann surface and {.J;};ccont(n,,,) be an admissible

n+1

collection of almost complex structures. Fix generators =% € &(8% B51) for
k=1,....,n—1land 2° € &(a, "), 2" € &(a,B"), and let ¢; € 0D, be

points for ¢ = 1, ..., k. Consider maps of the form

u: (S,08) = (X X Dyyq, (e x eg) U (B xe)U---U(B" X e,)) (2.18)
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such that the following hold:

— The projection map g ou : S — X has degree 0 at the region adjacent to the

basepoint z.
— The punctures of S are mapped to the punctures {p;;+1}U{¢} of Dyi1\{a}
— The map u is asymptotic to @’ x {p;;+1} at the preimage of p; ;1.

— w is asymptotic to p; X {¢;} at the punctures lying above ¢; for some set p; of

Reeb chords in Z.

— At each ¢ € ey \ {¢}, the g points (7s o u)((7p o u)~!(g)) lie in ¢ distinct
a-curves. Equivalently, € ® a(p;) ® -+ ® a(p,,) is nonzero, where tensor

products are taken over the ring of idempotents in A(Z).

The set of maps of this type decomposes according to homology classes, the set of
n—1

which we denote by mo (™, 2", ... . 2% p1,..., pm). For a fixed homology class

B e m(x™, "t ... 2% p1, ..., pm), let

MB(™, 2" 2% pr, . pms S) (2.19)

denote the moduli space of pairs of the form (j,u) with j € Conf(D,+;) and u a

J;-holomorphic representative of B.

Lemma 2.2.4 ([LOT16, Lemma 4.7]). The expected dimension of the moduli space

MB(xr =t 2% py, ..., pm; S) is given by ind(B,S; p1, ..., pm)+n—2, where

ind(B, S; p1,.- ., Pm) = (3 ; n) g — x(S) + 2¢(B) +m, (2.20)

where g is the genus of ¥ and e(B) is the Euler measure of B.
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Remark. The same statement holds if the multidiagram has more than one
boundary component, each of which meets exactly one set of bordered attaching

curves.

The Euler measure e(B) can be characterized as follows: if D is a surface
with boundary and corners equipped with a metric A such that 9D is geodesic and
has right-angled corners, then e(D) is % times the integral over D of the curvature
of h. From this definition, one can see that e(D) is linear with respect to disjoint
union and gluing along boundary segments so, if B is a formal sum B = ). n;D;
of elementary domains D;, then e(B) = > . n;e(D;). It follows from the Gaufi-
Bonnet theorem that if D is a surface as above with k corners with angle 3 and ¢

with angle 37”, then

k0
e(D)=x(D) — -+ -. (2.21)
4 4
In particular, for a k-gon D with convex corners, we have e(D) = 1 — %. Now

suppose that h is instead an arbitrary metric on D and that 9D decomposes as
0D = ¢; U -+ U ¢g. Parametrize each boundary segment ¢; by [0, 1]. For each
i =1,...,k, let 6; be the angle by which the tangent vector to D turns at the ¢!

A

=

corner ¢;(0), i.e. m minus the interior angle of D at ¢;(0), and define ¢; = & —

second application of the Gaufi-Bonnet theorem allows us to rewrite e(D) as

e(D) = % (/D KdA + Z/ ths> + Zti, (2.22)

where K and kj, are the curvature and geodesic curvature of h, respectively.
Therefore, if h is flat and D has geodesic boundary, we may then compute e(D) by

summing the contributions ¢; from each corner. In particular, corners with interior
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angles of 60-, 90-, and 120-degrees contribute —|—%, 0, and —1—12, respectively, to
the Euler measure of a flat polygon with geodesic boundary. We will use this fact
momentarily.

In the case of triangles we have n = 2 so the dimension of the moduli space
MEB(x? 2t 2% py, ..., pm;S) is given exactly by ind(B, S; p1, ..., pm), which we
may write more succinctly as

ind(B, S; p1. ..., pm) = g —x(S) + 2¢(B) + m. (2.23)

Lemma 2.2.5. There are no positive domains for index zero holomorphic triangles
in AT meeting OAT and having corners cyclically ordered according to (v N 6,6 N

g,yNe).

Proof. We choose a metric on AT which is flat everywhere except on the
component of AT \ (v U d U €) containing z. Moreover we choose this metric so
that every ~-, d, and e-curve is geodesic and every intersection of two such curves
occurs at 60 and 120 degree angles, the boundary components of AT are geodesic,
and, for every n € {v,9,e}, each n-curve meets JAT at the same angle: 120 degrees
for the y-curves, 90 degrees for the d-curves, and 30 degrees for the e-curves. To
see that we can choose such a metric, note that the square LJ; inherits a metric
from its inclusion into the plane which descends to a metric on AT which is flat
except on the region containing z. Since the boundary of [Jy is geodesic, it follows
that OAT is geodesic. To see that every ~-, d-, and e-curve is geodesic and have the
specified intersection angles, recall that we chose a particular modification of AT
so that these curves arise from pairs g;, d;, and e; of straight lines making an angle

of 150 degrees, 90 degrees, and 30 degrees with the positive horizontal direction,
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respectively. Since the perturbations necessary to obtain the curves in AT can be
achieved by planar translations of the lines in R? corresponding to the pairs g;
and e;, it follows that the -, d-, and e-curves are obtained as quotients of pairs of
straight line segments with the same angle and hence are geodesic. The choice of
angles of these segments guarantees that each of the intersections in AT occurs in
one of the specified angles.

Suppose that B is a positive domain for an index zero holomorphic triangle
in AT which has the above cyclic ordering on its corners and which does not meet
the component of AT \ (v U § U &) containing z. As in the proof of [Aurl0,
Proposition 3.5], the Euler measure of B can be computed by summing the
contributions from its corners because 0B is geodesic: —1—% for every corner with
a 60-degree angle, 0 for every corner with a 90-degree angle, and —1—12 for every
corner with a 120-degree angle. If p is an interior intersection point of two of
the collections of curves in AT and B hits p at an interior point, then the local
multiplicities of B in the four elementary domains meeting p are all equal so the
local contribution of p to the Euler measure is zero. If B hits p at a point on the
boundary which is not a corner, then B hits two of the four regions meeting at
p. One of these regions meets p at a 60-degree angle and the other meets it at a
120-degree angle so the local contributions to the Euler measure cancel. If p is
a genuine corner of B, then the cyclic ordering of the corners forces one of two
scenarios: either B locally hits a region with a 60-degree angle at p or B locally
hits two regions with a 60-degree angle at p and one with a 120-degree angle at p.
In either of these two cases, the local contribution of such a corner is +1—12.

Now, if p € m N OAT for some n € {v,d,¢}, then there are two cases

that we need to account for. Suppose, for the moment, that B meets exactly one
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Reeb chord p in the n-boundary of AT. If p is contained in the interior of p, then
the local multiplicities of B in the two regions meeting p are equal so the local
contribution to the Euler measure is zero. Otherwise, p is an end of p, in which
case there is a boundary intersection point ¢ with dp = {p, ¢} and the local
contributions of these two corners to the Euler measure cancel since B meets p
and ¢ at complementary angles. In general, B could meet multiple boundary Reeb
chords in which case the sum of the local contributions of the ends of all of the
Reeb chords is zero since we can decompose this as a sum of single Reeb chord
terms.

Summing over the 3¢ interior corners and all of the boundary Reeb chords of

B, we see that e(B) = 4 so, consequently, we have

ind(Bas;plw"apm):g_X(S)+m' (224)

For rigid triangles, this then tells us that x(S) = ¢g + m but S has at most g
connected components so x(S) < g. Therefore, if B is a class represented by a
rigid holomorphic triangle, then we must have m = 0, i.e. B does not meet the

boundary of AT. n

Let H; = (ii, 1s, Bi, z) be admissible bordered Heegaard diagrams for Y;,
i = 1,2,3, where n; = 7,9, according to the ordering v < § < e. Let H =
(X, 14, 8%, B, 2) be the result of creating a single parallel copy of each B-circle and
performing a finger move to create two intersection points between the resulting
parallel pairs. Finally, let AT} 93 = AT(H1, Ha, H3) be the result of gluing H{, Hy,

and H3 along the «-, 8-, and e-boundaries of AT(Z).
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FIGURE 16. An example of an AT, 53 obtained by gluing triples to AT(Z).

Proposition 2.2.6. If Hs is admissible, the dg-bimodule homomorphism
Fys: Ay s® CFD(8,8%) @ CFD(8,8) K Ase — A, (2.25)

defined by counting triangles in AT Us Hy with one corner at the bottom-graded

generator of Ef(ﬁg,ﬁ%) 1 given up to homotopy by the map
pRu’@v' Ko — pv'(u')o, (2.26)

where we regard T' as a map from @(5,5’%) to the ring of idempotents T in A.

Proof. By definition, we have

Fs(pRu’ @' Ko)= Y Y #MYpRu’ v Ro,r o6, (227)
T7€S(AZ,,c) ind(C)=0
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where C' ranges over my(pXu’ ' Ko, 7® 62;3%%) and M (pRu’v' Ko, 7® 92?6;)
is the moduli space of pseudoholomorphic representatives of the class C'. By the
pairing theorem for triangles [LOT16, Proposition 5.35], this map is homotopic to
the one given by counting rigid triangles paired with sequences of bigons. Since
there are no positive domains of rigid holomorphic triangles in AT which meet the

boundary by Lemma 2.2.5, and because H, is obtained by a small Hamiltonian

translation, this tells us that Fj; is homotopic to the map

pRu' 7' Ko — Z Z HMS(p, 0,7, u’, D", @g‘étﬁ%)ﬂ (2.28)
7€6(AZ,2) ind(C)=0

where the moduli space MS(p, o, 7, u’, T, @gggl) is defined by
272

C — o A — o
ME(p, 0,7, u’, 0", @}éggé) = |_| MA(p,0,7) x ME(u°, %", @Zgg%), (2.29)
A+B=C
where A and B are provincial domains in AT and H;, respectively. Here,
MA(p,,7) is the moduli space of rigid pseudoholomorphic triangles of class A
from p ® o to 7 and MP(u’, v!, @gggl) is the moduli space of rigid provincial
2M2

bot

triangles from u® ® v' to © 5051
272

representing the class B. Note that this latter
moduli space is empty unless u” and v* have the same left-idempotent (°, which
is then necessarily also the right-idempotent for p and the left-idempotent for o

in order for p X u® ® ! X o to be nonzero. Together with additivity of the

embedded index for disjoint unions and the fact that the index of a class with a
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pseudoholomorphic representative is non-negative, this then implies that

Fss(pRu’ @v' Xo)

B (2.30)
~ Y Y. #EMApo ) HEME (WO, T 050 )T,
7€6(AZ,,-) ind(A)=ind(B)=0
However, this gives us
Fss(pRu’@v' Xo)
(2.31)
~ | >, #MP@ B eR) | Y Y #MApo ),
ind(B)=0 TES(AZ, ) ind(A)=0
and the map
PR Z Z #MA(p,0,7)T (2.32)

TES(AZ, ) ind(A)=0

is precisely the multiplication map A ® A — A by [Aurl0, Proposition 4.8]. We

then have

Fss(pRu’@v' Xo) _p(Z#MB u’ vt 928%1) 1) o, (2.33)

where (¥ is the left-idempotent for u® and ¢! is the right-idempotent for @', which

we may insert at no cost since the space MZ(u® v, @gg%l) of provincial triangles
2M2

01

is empty unless (* = ! = (%L, in which case we have po = pi®*o. We claim that the

map L : @(6,,@8) ® @(6,,@1) — A given by

weute Y #MP (vt 05 )0 (2.34)
ind(B)=0
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@top

@bot

FIGURE 17. A standard genus 1 Heegaard diagram for S? x  S' with top- and
bottom-graded generators labeled.

is homotopic to the perturbed evaluation map ev o (¥(_,; ® id) given on generators

by
u’ @ o' = vl(ul). (2.35)

However, L is dual to the type-D morphism R : @(5,58) - A® @(5,,@1)

given by

u’ = Z Z #MP (u gf%l, v 0t @ vt (2.36)
vle&(8,8)) ind(B

which is filtered with respect to the the filtrations F and F! defined in Lemma
2.2.3. As a filtered map, this has filtration preserving part given by Wq_,; since
Wy, is a summand of R and R is a summand of Fétgfﬁl This implies that R is an
isomorphism and the same neck-stretching argument used in [Gut22, Lemma 5.4]
to show that F ggfﬁz is homotopic to Wy_,; can be used to show that R is homotopic
to Wo,1. Such a homotopy then induces a homotopy between the corresponding

dual maps. Since the dual of ¥y_,; is ev o (Vo1 ® id), this proves the desired

result. O]
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Theorem 2.2.7. Let
Gar : Mor (Y1, Ya) @ Mor™(Ya, Y3) — Mor? (Y7, V3) (2.37)

be the composite

Mot (Y1, Yz) @5 Mor?(Y3, Y3) G » Mor (Y1, Y)

! T

CF(Hy U Hs) @ CF(Hy UMs) CF(H, UHs)

l—handlel T3—handle

(CF(H, UHs) ® V&) @p (CF(Ha UHs) @ VER) —— CF(H; UH;) ® VO

FAT1,2,3

1%

(2.38)

where we take the model @(Hz) XAKX @(’H]) for 6’?(7—[1 U H;), the vertical
1somorphisms are the ones described above, V' s the two-dimensional model for
EF(SQ x S1) given by the standard genus 1 Heegaard diagram for S* x S*, I*AﬂATLQ’3

is the map determined by the Heegaard triple AT, 23, and

1-handle

CF(Y) "8 CP(Y) @ VO™ = CF(Y#(S? x §1)#m)
and

— on ~ AT 9 1\#n 3-handle ——
CR(Y)® Vo = CR(Y#(S? x §)#m) 757 CR(Y)

are the usual 1-handle and 3-handle maps defined on generators by

T — x ® QP
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and

y if 6 = @bt
Yo (2.39)

0 else,

respectively, where OP° is the bottom-graded generator. Then @AT agrees up to

homotopy with the composition map f ® g +— go f.

Proof. We assume that each of the bordered Heegaard triples H; = (%;, 1, 3, B})
are obtained by suitable small Hamiltonian perturbations so that Lemma
2.2.3 applies. By construction and the pairing theorem for triangles [LOT16,

Proposition 3.35], we have a decomposition GAT ~ F' X Fss X Ftoo 051 under

B1BY

the identifications Mor?(V;, Y;) =2 C’FD( ) XAKX C’FD( ). Since the maps FtﬁlﬁO

and F'oP

ca0p) Are homotopic to the corresponding nearest point maps, Proposition

2.2.6 then tells us that GAT is homotopic to the map given on basic morphisms by
EFRpRu)® @ RoRw') — Ko (u)o Rw', (2.40)

which is precisely the composition map. O

Corollary 2.2.8. Suppose that Hy and H' are bordered Heegaard diagrams for
a bordered 3-manifold Yy differing by a single bordered Heegaard move, then the

square

Mor?(Hy, Ha) @ Mor?(Hy, Hs) J297290], Mor?(Hy, Hs)

gl lg (2.41)

Mot (H!, Ha) @ Mor® (M, Hy) L2200 MorA(H,, Hs)
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commutes up to homotopy, where the vertical maps are given by the homotopy
equivalences Mor*(Hy, H;) — Mor (M), H;) induced by the Heegaard move. The

analogous statement also holds for Hs and Hs.

Proof. In the case of finger moves and handleslides, this follows from Theorem
2.2.7 by associativity of triangle counts. In the case of stabilizations, up to some
number of finger moves and handleslides, one may assume that the stabilization is
performed in a neighborhood of the basepoint, in which case the vertical maps are

isomorphisms. [

2.3 4-manifolds with Corners from Bordered Heegaard Triples

Just as one may represent a 4-manifold with boundary by a closed Heegaard
triple and bordered 3-manifolds may be represented using (arced) bordered
Heegaard diagrams [LOT18], we may describe 4-manifolds with boundary and

corners using a suitable amalgamation of the two notions.

Definition 26. A genus g arced bordered Heegaard triple with B boundary

components is a quintuple H = (3,4, 4, €, z), where:

— X is a compact connected surface of genus ¢ with boundary components

T, ... 0%

— each ) € {a, 3,7} is a pairwise disjoint collection
B
n= {Uf7 cee ’ng—Tn} U U{nia cee 777;1&’17}7
i=1

B —_—
where T,, = " ¢/, consisting of embedded arcs 773- in ¥ with boundary on 0;%
i=1

and circles 77§ in the interior of 3. We further impose the condition that if
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FIGURE 18. A genus 3 bordered Heegaard triple H with three boundary
components.
t] # 0, then t? = 0 for @ # m. In other words, this condition says that no two
collections of curves meet the same boundary component nontrivially. For
the sake of convenience, we denote the collection {7f,... ,nngn} by ¢ and

the collections {n}, ... 7%} by n".

— z = (2;51,...,5) consists of an interior point z € ¥ disjoint from vy Ud U e

together with embedded arcs s; in ¥\ (7 U d U €) connecting z and 9;%.

We also require that each of ¥ \ v, ¥ \. 8, and ¥ . € is connected and that the
collections -y, 4, and € intersect pairwise transversely. Lastly, we require that each
component of 93 is met by some 1. If ° is the collection of arcs meeting 9;%
nontrivially, we will denote the induced (as in Lemma 4.4 of [LOT18]) pointed

matched circle by Z;(H) or simply by Z; when there is no risk of ambiguity.

Note that, for any two distinct collections ,0 € {a, 3,7}, forgetting
the third collection, filling in the now-empty boundary components with disks,

and forgetting the arcs s;,, ..., s;, which meet the filled boundary components,
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yields an arced bordered Heegaard diagram H™ = (3,4,1,60,2,4). Such a
diagram determines a (strongly bordered) 3-manifold Y,y = Y (H"’) with B — f
boundary components by attaching 2-handles to 3, ¢ x [0, 1], analogous to [LOT15,
Constructions 5.3 and 5.6]. From an arced bordered Heegaard triple H, we will

define a 4-manifold X () with connected boundary and corners.

Remark. One could more generally allow bordered Heegaard triples H whose
arcs connect multiple boundary components, in which case 0X () is a bordered
sutured 3-manifold with corners following constructions analogous to those given
by Zarev in [Zarll]. However, we will not explore this construction here; we

content ourselves to only consider the case B < 3.

In addition to Y4, the arced bordered Heegaard diagram H"? specifies
preferred disks A; C 9;Y,, which are obtained as the images in Y4 of the
“faces” of the 2-handles attached in the last step of the above construction, points
z; € OA; coming from the endpoints of 2z, ¢, and homeomorphisms of triples
¢i © (F(Z)),Dj,z;) = (0;Yy9,Aj, 2;) for each j # iy,..., iy, and an isotopy class
V.o of nowhere vanishing normal vector fields to z, ¢ pointing into A; at z;. The
data (Y9, Pne,vne), where ¢, 9 = {¢;} (note that this collection includes the data
of the preferred disks and basepoints), is called the strongly bordered 3-manifold

associated to H™?. We will abbreviate this data as Yoo

Construction 2.3.1. Let H = (3,7, 4, €, 2) be an an (arced) bordered Heegaard
triple. For n € {7, d, e} meeting the boundary, construct a cornered handlebody
U, as follows. Let Uy = ¥ x [0,1] and let £, = F(Z,) ~ int(D7), where D} is
the disk with BD% = Z, used to construct F'(Z,) from the pointed matched circle
Z, = (Z,,a,, M,). Choose a closed collar neighborhood [—¢, 0] x Z, of Z, C X such

that {0} x Z, is identified with Z, as in the following schematic figure.
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Next, choose a closed tubular neighborhood Z, x [0,1] of Z, in .ﬁ’n and glue U,
to [—¢,0] x F, by identifying the subsets ([—¢,0] x Z,) x [0,1] € ¥ x [0,1] and
[—&,0] x (Z, x [0,1]) C [—¢,0] x F,, as in

[—&,0] x F,

3 x [0,1]

and, similarly, attach a copy of [—¢,0] x D? at each boundary component not

met by 7 to obtain a new cornered 3-manifold U; with two cornered boundary
components, both of which are of the form ¥, := ﬁn U, X Up D?Uy ool UgD?, where
B = #my(0%) and each surface in this union is glued to ¥ at a 90 degree angle.
For 1 not meeting any boundary component, instead attach a copy of [—¢,0] x D?
in this manner at each boundary component — in this case, the resulting cornered
3-manifold has boundary components of the form ¥, := ¥ Uy D?Uy . UsD?. Now
attach 3-dimensional 2-handles to the 7n-circles n¢ x {0} C ¥ x [0,1] as in

[—¢,0] x F,

I~

ne n¢ 3 x [0,1]
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FIGURE 19. A genus 1 example of a U, in the case that i does meet the
boundary.

FIGURE 20. A genus 1 example of a U, in the case that i does not meet the
boundary.

to obtain a new 3-manifold U, with two boundary components: a copy of 2, or Xy
meeting ¥ x {1} and a genus 2k, surface S,, where 4k, is the number of points in
the boundary pointed matched circle corresponding to m (which is zero if n does
not meet the boundary), which meets ¥ x {0}. Next, if 7 meets the boundary,
join each 7-arc 1 x {0} C S, to the core of the corresponding handle in {—¢} x F),
to obtain a collection of closed curves and attach a 3-dimensional 2-handle along
each as in the following figure. If i does not meet the boundary, instead go on

immediately to the next step.
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[—&,0] x F,

;;\ m

n° ne e ¥ x[0,1]

This has the effect of replacing the boundary component S, with an S? boundary
component. We then define U, to be the result of filling this boundary component

with a 3-ball as in

[—¢€,0] x F,

WA

n% n° - ¥ x[0,1]

Zn

— the resulting space is a 3-manifold with boundary and corners, whose boundary

stratum is 81U,7 = X, or 81U,7 = Y4, depending on whether or not 7 meets the
— B

boundary, and whose corner stratum is of the form 8,U,, = S'Ul -~ UST. We then

define a cornered 4-manifold X (H) by

X(H) = (X x &) Use, (Uy X €5) Usq, (Us X €5) Usy, (Ue X €e),  (242)

where A is a triangle with edges labeled clockwise as e,, es, and e., smoothing
corners between the U,’s at the vertices 2 x (e, N ep). Note that the boundary
stratum 0y X (H) is connected and consists of the following two pieces. First, it
contains each of the bordered 3-manifolds Y,y = Y (H,), where the diagrams

H,o = (X,7n,0,z) are the bordered Heegaard diagrams obtained from H by
95



deleting one of the collections of curves and filling the corresponding boundary
component with a disk. Second, if 8, and 65 are the collections of curves not

meeting the n-boundary, it contains a copy of
Facet, := S' x A Ugiye, (B X €,) Usixe, (D? X €5,) Usixe, (D* X €g,),  (2.43)

and there is one such “facet” for each 17 meeting 9. These two distinguished
parts of the boundary stratum meet in two copies of F'(Z,) and one copy of

S?. The union of these surfaces over all 17 meeting O forms the corner stratum

O X (H).

In the single boundary component case, one may think of X ()

schematically as in the following figure, which represents the d-bordered case.

U. x e
[‘“(Zg) - D2 X e . 52

However, this representation of X (#) may be somewhat misleading: topologically,
the space Facet,, is a closed 3-dimensional regular neighborhood of the singular

surface }%77 Uy D? Uy D?

— i.e. Facet, is a 3-dimensional pair of pants cobordism —F(Z,) U F(Z,) — S*.

To see this, note that Facet, is the result of gluing }%7, x [0, 1] and two copies of
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D? x [0,1] to S* x A by identifying each of dF, x [0,1] and the two copies of
dD? x [0,1] with one of S* x e,, S' x e5, and S x e, s0 that F), x {1} and the two
copies of D? x {3} are identified with the circles S* x {midpoint} depicted in the

following figure and smoothing corners.

Remark. More generally, an arced bordered Heegaard n-tuple

H= (g0, Mn-1,2) (2.44)

with B boundary components determines a cornered 4-manifold X (H) whose

boundary stratum consists of the bordered 3-manifolds Y, with indices taken

i70i41)
modulo n, together with facets Facet,, for each ¢ for which 7, intersects 82,
nontrivially. The constructions of X (#) and the facets Facet,, are identical to

the n = 3 case except that we replace the triangle A with a planar n-gon.

Gluing

Let H = (fg, v,9d,€, z) be an arced bordered Heegaard triple with three
boundary components and let H, = (3,71, 01,21), Ha = (2, 62, €2, 22), and
Hy = (34, €3,73, 23) be 7-, §-, and e-bordered Heegaard diagrams, respectively.
Let Hio3 = HU, H{ Us Hy U-Hy be the ordinary Heegaard triple that results from
doubling the collections of curves in the H; not meeting the boundary, labeling the
new circles according to whichever label does not appear in H;, and gluing them

to the corresponding boundary components of H, as we did in the construction of

AT172,3.
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Proposition 2.3.1. If Hy and Hs are bordered Heegaard triples sharing a
common boundary matching and Hy has one boundary component, then there
is a diffeomorphism X (Hy Uy Ha) = X(H1) Upacet X (Hsz), where Facet is
the corresponding boundary facet. In particular, the 4-manifold X (H123) is

diffeomorphic to
X(H) UFacety X(%T) UFacet; X(H;) UFacet. X(H;) (2-45)

Proof. Suppose that Hs is an n-bordered Heegaard diagram. The effect of gluing
Hs to the n-boundary of H; is as follows. First, the underlying surface %, is
replaced by ¥, U, 3,, which has the effect of gluing ¥, x A to 3,, x A in the
obvious manner. Second, gluing the n-arcs which meet the boundary along their
common endpoints corresponds to gluing the 3-dimensional 2-handles along the
corresponding cores of the 1-handles in }%77 determined by the arcs. This has the
effect of gluing the respective n-handlebodies along their ﬁn—boundaries. Lastly, for
0 # n, the respective f-handlebodies are glued along their disk boundaries. It is
straightforward to see that these glued handlebodies are precisely the handlebodies
obtained from the above construction using the glued diagram so this proves the

result. O]

Corollary 2.3.2. The 4-manifold X (AT, 23) is diffeomorphic to the composition
Wy>9 o W o (W59 LU W29 of the pair of pants cobordism W : Yio L Yag — Yis
with the cobordisms Wém’“ 1 Yy — Yy #(S? x SYY9 obtained by surgery on 0-framed
gi-component unlinks in Y;; and their reverses Wijég’“ : Y;j#(Sz x Shyoe — Yi;.

Thus, if W9 1 Vi — Yi;#(S? x SH#9 and W9 . Yi;#(S? x SY#9 = Y,; are the
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FIGURE 21. The effect of gluing bordered Heegaard triples on the 2-handles
attached to matched pairs of curves of the form 1" Uy ¢, where ¢ is the core of a
1-handle in F,.

usual 1-handle and 3-handle cobordisms, then Wy>% o X (AT, 43) o (W, 2% L WH9)

is diffeomorphic to W.

Proof. Suppose that H = (3,, o, 3, 2) is an a-bordered Heegaard triple and let
Y = Y (H) be the corresponding bordered 3-manifold. We claim that the cornered
4-manifold X = X (ﬁJr) determined by the triple Ht = (3, o, 8°, 31, 2) obtained

by doubling 3 is diffeomorphic to the cobordism of pairs
(=Y UY,-0Y UadY) — ((S* x SH#9\ B* S?) (2.46)

given by the complement of a regular neighborhood of the cornered handlebody
Uz x {0} in Y x [~1,1]. To see this, recall from [OS06, Proposition 4.3] that

it H' = (3o, a, 3, 2) is any Heegaard diagram for a closed 3-manifold Y’ and
(3o, @, 3,4, z) is such that - is obtained by a small Hamiltonian translation of
@', then the 4-manifold X4, determined by this diagram is diffeomorphic to Y’ x
[—1,1] with a regular neighborhood of the handlebody Ug x {0} deleted, i.e. the

cobordism obtained by attaching 2-handles to a 0-framed unlink in a Euclidean
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ball in Y. In particular, this is the case if H' = HyUy H for some other a-bordered
Heegaard diagram Hy. The claim then follows from the previous proposition.

The first statement now follows from Proposition 2.3.1 together with the
observation that the surface underlying the triple AT is naturally identified with
F(Z) with three disks removed and the fact that deleting any pair of curves from
AT determines a bordered Heegaard diagram for F'(Z) x [ after filling the now-
empty boundary component with a disk. The second statement then follows from
the fact that the 2- and 3-handles in W% o W,>%* and the 1- and 2-handles in

(W55 LI W9) o (W29 W) cancel, .

Another way of thinking about these results is as follows. Given a closed
3-manifold Y, we have two distinct ways of decomposing Y into 3-manifolds
with boundary: we can either decompose Y as Y = U, Us, Ug, where U, and
Up are handlebodies glued along a Heegaard surface X, or we can decompose it
as Y = =Y Upz) Ya, where Y; and Y5 are bordered 3-manifolds which both
have boundary parameterized by the same surface F'(Z). Here, we have chosen
this second splitting to be one obtained by cutting a closed Heegaard diagram
(X, a, B, z) for the decomposition Y = U, Uy Uz along some circle which intersects
one of the pairs of curves, giving us two bordered Heegaard diagrams with the
same pointed matched circle Z. In this case, the copy of the surface F'(Z) sitting
inside of Y meets ¥ transversely in a single separating copy of S!. Therefore, each
Y; decomposes as a union of two cornered handlebodies Y; = U; Usny; U; and
each handlebody U, decomposes similarly as U, = U,li Ur(z)nu, Ui. This allows us
to decompose Y into four “quadrants” which are compatible with the (restrictions
of) the gluings in both decompositions of Y (cf. Figure 22). These quadrants are
precisely the cornered handlebodies from Construction 2.3.1. If we had instead
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Y =UsUsUp = —Y1Upz) Y2

Us Us

FIGURE 22. Splitting a closed 3-manifold into two handlebodies along a Heegaard
surface 3 and into two bordered 3-manifolds along a surface F'(Z) transverse to
the original. In each half-surface, the two small black circles are identified and,
hence, such a pair represents a handle.

FIGURE 23. Slicing a 4-manifold with boundary obtained from a closed Heegaard

triple H = (3,7,9,¢, z) along two faCEtS. In this schematic example, the
Heegaard surface ¥ decomposes as > = ¥; U Yy U X3 so each of the 3-manifolds
Y,s decomposes into bordered 3-manifolds as Y, = Yy Urn Y5 Ug Yn?’a

and each handlebody U, decomposes into cornered handlebodies as U, =
—1 =2 =3
[j77 UFlﬂUn []77 UFgﬂUn U77'
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started with a closed Heegaard triple H = (3,4, 9, €, z), separated ¥ along a
circle intersecting exactly one of the sets of curves to obtain a decomposition

Y = ¥, Uy Xy, and glued the cornered handlebodies meeting ¥ to 3 X A to
obtain X (#,;), then the complement of the bordered 3-manifolds Y,y in 01 X (H,;) is
precisely the interior of a facet so gluing X (H;) and X (H2) along their respective

boundary facets yields the original 4-manifold X (#).

2.4 The Main Theorem

In [Zem21la, Zem21b], Zemke extends the minus and hat versions of
Heegaard Floer homology to give monoidal functors out of the monoidal category
of (multi)-pointed 3-manifolds and cobordisms between them equipped with
embedded ribbon graphs connecting the basepoints. Given a closed Heegaard
triple (X,4,4,¢€, z), let X5 be the smooth 4-manifold with boundary 0X,;. =

—Y,s U —=Y5. UY,. defined by

Xw&a = (E X A) UZX@’Y ((]7 X Bq/) UEXe(; (U(s X 65) UZXee (UvE X 68), (247)

i.e. the pair of pants cobordism, as in [OS04b, Section 8|. In [Zem21la, Section 9],
Zemke endows X5, with an embedded trivalent graph I',s. as follows: let vy €

A be an interior point and define I'y C A by attaching a straight line segment
extending radially from vy to each of the three vertices of the triangle. Then one
defines I'y5. := z x I'y and gives this graph a ribbon structure by cyclically ordering

the edges by endowing the ends of X, 5. with the cyclic order (—Y,s5, —Y5., Y..).
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Theorem 2.4.1 ([Zem2la, Theorem 9.1)). Suppose that (3,~,6,¢€,z) is a closed

pointed Heegaard triple. Let
(X'yéaa F'y&a) . (Y'yé U Y;sta z L Z) — (Yvaa Z) (248)

be the ribbon graph cobordism described above. Then, if s € Spin®(X,s.), the graph
cobordism map

FB t CF ™ (X,7,6;5]y.4) ®rp) CF 7 (2,0,€;5ly;,.) = CF (2,7, €;5]v..)

X’y(5€7r"y§5 S

is chain homotopic to the holomorphic triangle map F_ 5. .

Corollary 2.4.2. The hat Heegaard Floer analogue of [Zem21a, Theorem 9.1]

holds.

Theorem 2.4.3 ([Zem21b, Theorem 1.2]). If (W,T') : (Yo,po) — (Y1,p1) is a
graph cobordism, then the graph cobordism map ﬁWI : E'F(Y(),po) — ﬁ(ifl,pl) is
functorial with respect to composition of cobordisms and if I' is a path connecting

Ppo to p1, then ﬁWI is homotopic to the cobordism map defined by Ozsvdth—Szabo
in [OS06].

Note that the pair of pants cobordism with its embedded ribbon graph
decomposes as (Xyse, I'yse) = (W1 Uypysvy, Wa, I'1 ULy, where (W3,T) : Yo UYa3 —
Y1o#Y53 is the connected sum cobordism with an embedded trivalent graph I'y,
and (Wy,T'9) @ Yio#Ya3 — Yis is the 2-handle cancellation cobordism equipped
with an embedded path T'y between basepoints. By [Zem21a, Proposition 8.1], the
graph cobordism map ﬁwhrl : E’F(Ylg) ® E’F(Y%) — E’F(YQ#Y%) is homotopic

to Ozsvath—Szabd’s connected sum isomorphism. By the previous theorem, the

103



map ﬁwzrz is homotopic to the map ﬁWz ; E’F(KQ#Y%) — E’F(Ym) defined by
Ozsvéath—Szabé in [OS06]. With these facts in hand, we are now ready to prove

Theorem 2.0.1.

Theorem 2.4.4 (Theorem 2.0.1). Let Y1, Ys, and Ys be bordered 3-manifolds, all
of which have boundaries parameterized by the same surface F, and let A = A(—F)
be the algebra associated to —F. Let Y;; = —=Y; Uy Y; and consider the pair of pants

cobordism W : Yo U Yo3 — Yi3. Then the composition map
Mor?(Y1, Ya) @ Mor?(Ya, Y3) — Mor? (Y7, Ys) (2.49)

given by f ® g go f fits into a homotopy commutative square of the form

Mor?(Y;, Ya) ® MorA(Ya, V) L2770 Mord(v4, V)

gl lz (2.50)

CF (Y1) ® CF(Ya3) W CF (Vi)

where ﬁw 15 the map induced by W and the vertical maps come from the pairing

theorem of [LOT11].

Proof. By Corollary 2.4.2 and Theorem 2.4.3, the maps @AT and F\W are

homotopic. The result then follows from Theorem 2.2.7. ]

This immediately implies the following assertion of Lipshitz—Ozsvath—

Thurston in [LOT11, Section 1.5].

Corollary 2.4.5. The Yoneda composition map

Ext(Y1,Ys) ®r Ext(Y2, Ys) — Ext(Y),Ys), (2.51)
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where Ext(Y;,Y;) := Ext(@(}/;), C/’FT)(Y])), coincides with the map
HF (=Y, Uy Ys) @ HF(—Y3 Uy Y3) — HF (=Y} Uy Ya) (2.52)

induced by W.

2.5 Application: an Algorithm for Computing ﬁx

As a consequence of Theorem 2.0.1, we describe an algorithm for computing
the morphism EF(YO) — EF(YQ associated to an arbitrary cobordism X : Yy —
Y] between closed 3-manifolds. As in previous sections, we will abbreviate the
notation for morphism spaces by omitting the symbols CFD and CFDA: if Yy and

Y} are 3-manifolds with boundary parametrized by F(Z), then
Mor4(Yy, Y7) := Mor*(~2)(CFD(Y,), CFD(Y1)) (2.53)
and if ¢ : F(Z) — F(Z2) is a diffeomorphism, then we define
Mor* (Y, ¢ B Y;) := Mor*—2)(CFD(Y;), CFDA(p) K CFD(Y})), (2.54)

where @(gp) is the type-DA bimodule of the mapping cylinder of ¢. In [OS06],
Ozsvath—Szabd define a map F 'y as follows: first decompose X as X = X350 X50 X7,
where X : Yy — Y[ is a cobordism consisting entirely of 1-handles, X5 : Y — Y7 is
a cobordism consisting of 2-handles, and X3 : Y] — Y] is a cobordism consisting of
3-handles. They then define maps F X,y ¢ = 1,2, 3, between the Floer complexes of

the respective 3-manifolds associated to each type of handle, take F Y = F\X3 o F\X2 o

F 'x,, and show that the resulting map on homology is well-defined and invariant
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under Kirby moves and, hence, is a 4-manifold invariant (see also [JTZ21] and
[Zem19]). The maps Fy, and F v, are the same 1- and 3-handle maps described in
Theorem 2.2.7. We now describe the 2-handle map ﬁXQ. For notational simplicity,
assume that X is built entirely from 2-handles so that P Y = 2 'v,- LThen, X is given
by surgery on some framed link . C Y. We recall the following definitions from

[0S06].

Definition 27. A bouquet for L is an embedded 1-complex B(L) C Y; given
by the union of L. = K; U --- U K}, with a collection of arcs connecting the link

components K; to a fixed basepoint in Yj.

Fix a bouquet B(L) for L. Let Hy be a regular neighborhood of B(LL), F =
OHy, and let H; = Yj \ int(Hy) be the complementary handlebody. Now define
Hy(L) to be the result of performing surgery on . C Hy. Then Hy(L) Uy H; = V)

and Ho(IL) Up Hy =2 #90F)=FG2 » G1.

Definition 28. A Heegaard triple subordinate to the bouquet B(LL) is a Heegaard

triple (X, a, 3,7) such that

1. (3,a1,...,0a4, B, .., B,) is a diagram for the complement H; of the

bouquet,
2. Yit1, ..., are small Hamiltonian translates of the 811, .., 3y,
3. after surgering out the curves SBy11,...,f,, the induced curves 3; and ~;, for

i = 1,...,k, lie in punctured tori F; C 0H; given by the boundaries of

regular neighborhoods of the components K,
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4. the curves (;, 1 = 1,..., k, represent meridians of the K; and

0, i#]
#(BiNy;) =

1, 1=
with transverse intersection in the latter case,

5. the curves v;, ¢+ = 1,...,k, represent the framings of the components K;

under the natural identification of Hy(Onbd (K U ---U Ky)) with Hy(0H,).

The 4-manifold W specified by the triple H = (X, ¢, 3, ) then has boundary
components —Yy, #9)7%52 x S and Y; (cf. [OS06, Proposition 4.3]) — indeed
W is the pair of pants cobordism Yy Ll #90)-%k52 x 81 — ¥; — and the map
Fy : ﬁ(YO) — EF(Y}) is defined by taking Fy(z) = Fy (x ® ©'P), where the
right-hand side is the holomorphic triangle counting map determined by H, i.e. the
pair of pants map for the handlebodies Hy, Hy(LL), and H;. We may realize this
construction in the morphism spaces formulation of Heegaard Floer homology as
follows: suppose that 6P € Mor* =) (— Hy(IL), Hy) is a representative of the top-
graded class in ﬁ(#g(F)*kSQ x S1). Then, Theorem 2.0.1 tells us that there is a

homotopy commutative square

MorF)(— Hy, Hy) =5 MorA"F)(— Hy(L), Hy)
ZT lﬁ (2.55)
—_— F\X

» CF(Y))

where the vertical arrows come from the pairing theorem of [LOT11]. An
algorithm for computing @(H ) for a handlebody H was given by Lipshitz—
Ozsvath-Thurston in [LOT14a] (see also [Zhal6)).
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Now suppose that X; : Yy, — Y| consists of a single 1-handle addition and
let Ay = A(—F). Then the map Fy, : E’F(YO) — E‘F(YO’) can be computed by
decomposing Yy as Yp#(S? x S'), in which case Fy,(z) =  ® 0. We now
reinterpret this construction in the morphism spaces setting. If we take a Heegaard
splitting Yy = Hy U, Hy, where Hj is a O-framed handlebody of genus g and ¢ :
0Hy — 0H, is a diffeomorphism, then we automatically get a Heegaard splitting
Yy = H} U, H|, where H{ is the genus ¢g + 1 handlebody H} = Hol(D?* x S*) and

@' = p#Fidye. This then gives us
CF (V) = Mor™* (— Hy, ' ® Hy), (2.56)

where Ay = A(F(—Z)#T?), by the pairing theorem. If H, is a bordered Heegaard
diagram for Hy and H,, is an (arced) bordered Heegaard diagram for ¢, we may
obtain bordered Heegaard diagrams #;, and H, by appending a copy of the
standard diagrams for D? x S* (with the 0-framing) and T? x [0, 1] to Ho and

H,, respectively. This gives us isomorphisms
CFD(H}) =~ CFD(H,) ®z CFD(D? x S*) (2.57)

and

CFDA(¢') 8 CFD(Hy) 05s)
2.58
~ (CFDA(yp) ¥ CFD(H,)) ®r (CFDA(T? x [0,1]) & CFD(D?* x SY)).
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- Joff

Ho

FIGURE 24. Bordered Heegaard diagrams #;, (left) and H, (right) obtained by
appending standard diagrams to Hy and H,,.

of Ay-modules. Since T? x [0,1]U D? x S* = D? x S, by [HL19, Lemma 4.2], there

is an unique homogeneous homotopy equivalence
hy: CFD(D? x S') — CFDA(T? x [0,1]) ® CFD(D? x Sb). (2.59)

Now, the standard diagram for D? x S with the O-framing is

which has one generator, s, and supports a single disk
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with asymptotic condition pys € A(T?) so
CFD(D?x SY) = s szs (2.60)

and, hence, CF(S? x S1) ~ EndA™)(CFD(D? x S')) = F(6;,6,), where 61(s) = s
and 0(s) = pa3s. One may easily check that 900; = 20, = 0 and 90, = 0 so

0, = 6*P and #y = °t. Under the above identifications, the 1-handle map
Fy, : Mor™ (—Hy, ¢ K Hy) — Mor2(—H}, ' X H) (2.61)

is given by f — f'*P where f*P = (id ® hy) o (f ® 0*P) = f ® hy. The case of £
1-handles is identical with the exception that one must instead append k copies of
the standard diagram for D? x S', in which case 6*? = #%* and the codomain of
Fy, is a space of morphisms of A(F(—Z)#(T2)#*)-modules.

For the 2-handle map Fl, ﬁ(YO’) — 6?(}/1/ ), we needed some potentially
different Heegaard splitting Y = H Uy, H (we again assume that H is O-framed).
However, by the Reidemeister—Singer theorem, after stabilizing sufficiently many
times, we may arrange that H) Uy H{) and H Uy, H are isotopic Heegaard splittings
so H= Hyand ¢ = 1oy on, where n,§ : 0H — OH| are diffeomorphisms

extending over H = Hy (cf. [Pit08, Theorem 2.2]). Then we may compute E’F(Yo’)
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as

Mor”?(—H, ¢ X H)
~ CFD(—H) R A, X CFDA(y)) ® CFD(H)

~ CFD(—H)® A, ® CFDA(¢™') K CFDA(y') ® CFDA(y) ® CFD(H)

~ CFD(—H)® CFDA(—¢') ® A, ® CFDA(y') ® CFDA(n) R CFD(H) (2.62)

~ CFDA(—¢')® CFD(—H) X A, R CFDA(y') R CFDA(n) R CFD(H)
~ CFD(—H})R A, R CFDA(¢') ® CFD(H))

=~ Mor™?(—Hy, ' ) HY).

Here, the homotopy equivalence in the third line is given to us by [HL19, Lemma

4.5], which tells us that there is an unique homogeneous homotopy equivalence
CFDA(¢)) ~ CFDA(¢™") R CFDA(y') R CFDA(n). (2.63)

By [HL19, Lemma 4.2], there are unique homogeneous homotopy equivalences
@(H) — @(H{J) and @(—H) — @(—H{)) so this furnishes us with

an algorithmically computable homotopy equivalence
hy : Mor*?(—H}, ¢' ® H}) — Mor™?(—H,v K H) (2.64)

of morphism complexes. Moreover, this map agrees up to homotopy with the
homotopy equivalence associated to the map associated to a sequence of Heegaard
moves (cf. [HL19, proof of Theorem 5.1]). The map

Fy, o Fy, : Mor™(—Hy, ¢ X Hy) — Mor™ (—H (L), X H) (2.65)
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is then given by Fy, o Fy,(f) = ha(ftP) 0 8P by (2.55).

The case of 3-handles follows similarly to the case of 1-handles: if the
cobordism X3 : Y] — Y] consists of a single 3-handle addition, then ﬁxg :
EF(Y{) — E'F(Yl) can be computed by decomposing Y/ as Y1 #(S5% x S!), in

which case

- y if § = @bt
Fy(y®0) = (2.66)

0 else.

In the morphism spaces setting, we leverage the fact that we have Heegaard

splittings Y = H(L)Uy H = Hy U, Hy, where H) = Ho(D? x S') and o' = w#idre
for some Heegaard splitting Y1 = Hs U, Hs. As before, we may stabilize sufficiently
many times so that H(L) Uy, H and H} U,, H) are isotopic Heegaard splittings and

we obtain isomorphisms
CFD(H,) = CFD(H,) @z CFD(D? x S*) (2.67)

and

o —

CFDA(w') R CFD(H))

(2.68)
>~ (CFDA(w) X CFD(H,)) ®p (CFDA(T? x [0,1]) ® CFD(D?* x S%))
of A(—9H,#T?)-modules. There is then an unique homogeneous homotopy
equivalence
hy :MorACOM#T) (_F(L), ¢ R H)
(2.69)

— MorACH2#T) (L[, @p (D? x S, (w K Hy) ®g (D? x SY))
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induced by h;', which factors through MorA?"2#T)(_ H! o/ K H}) so that the

3-handle map
Fx, : Mor™2 (—H (L), ¢ ) H) — Mor™*(—H,, w X H,), (2.70)

where A3 = A(—0H>), is then given by ((id ® gbOt) o h3)(f), where 0" is the Z-
linear dual of 6*°*. In summary, if X = X3 0 X, 0 X;, we may compute the map ﬁX
at the chain level via Fy(f) = ((id ® gbOt) o h3)(ha(ftP) o §P).

Since each of the 1-, 2-, and 3-handle maps and the homotopy equivalences of
morphism complexes at each step are algorithmically computable, Theorem 2.0.1
and [LOT14a] furnish us with an algorithm for computing F 'y, whose steps we

outline below:

1. Fix a Heegaard splitting Y, = Hy U, Hy which has been stabilized sufficiently
many times so that all of the pairs of Heegaard splittings in each step
described above become isotopic, then pick a factorization of the gluing map

@ into arcslides.

2. Compute a basis {fi,..., fn} for H.Mor(—H,, ¢ ® Hy) consisting of explicit

cycles in MorAl(—HO, © X Hy).
3. For each f;, compute the map fi°° € Mor™2(—H}, o' X H}).

4. Fix a (sufficiently stabilized) Heegaard splitting Yj = H U, H induced by
a bouquet for a framed link I. C Yj such that Yj(L) = Y/ and compute
@(H) and a basis for H,Mor”?(H}, H) in order to find the unique
homogeneous homotopy equivalences which induce the homotopy equivalence

hs, and compute the latter.

113



5. Compute @(—H(L)) and a basis for H,Mor*?(—H(IL), H) consisting
of explicit cycles, identify #*P € Mor#?(—H (L), H) using this basis, and

compute hy(f*P) o §*P,

6. Compute CFDA(¢)) ® CFD(H), a basis for Mor*?(— H(LL), ) ® H), and the

homotopy equivalence hs.

—bot

7. Compute Fx(f;) = (1d ® 8™ o hy) (ha(f5P) 0 6P for i = 1,...,n.

(2
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CHAPTER III

BIMODULES, BRANCHED COVERS, AND SPLITTINGS

3.1 Branched Arc Algebras

Branched double covers

Given a link L C S3, one may construct a 3-manifold X(L), called the
branched double cover of L as follows: choose a Seifert surface F' for L and let
Y? be the complement of a tubular open neighborhood of F' N (S* \ nbd(L)) in
S3 . nbd(L), where nbd(L) is a tubular open neighborhood of L. The (cornered)
3-manifold Y} contains two copies of F, call them F_ and F;. Let Y}! be the
manifold with boundary obtained by taking the quotient of Y U Y obtained by
identifying F in the first copy of Y with F% in the second. Note that Y;! has one
toroidal boundary component for every component of L. The closed 3-manifold
¥ (L) is then obtained by Dehn filling each of these boundary components with

respect to the Seifert framing induced by the copies of F. sitting inside of Y}.

Example 10. The branched double cover of an unlink with £ components is
#F-1(52 x S1). More generally, given two links Ly and Ly, (Lo U L) =

Z(LQ)#Z(Ll)#(SZ X Sl)

Remark. A link cobordism C' : Ly — L; induces a cobordism of 3-manifolds

X(C) : ¥(Ly) — 3(L1), which we call the branched double cover of C'.

Note that one may extend this definition to obtain branched double covers
Y(T) of tangles T in the 3-ball, or in S? x [0, 1], which are 3-manifolds with
boundary. For simplicity, we will restrict ourselves to the case of tangles with

an even number of endpoints on the equator(s) of the boundary of their ambient
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FIGURE 25. A diagram for a tangle T C S? x [0, 1] (left), its plat closure p(T') by
equatorial arcs (middle), and the cornered Seifert surface obtained from applying
Seifert’s algorithm to p(7T") (right). Here, the vertical lines in the left- and right-
hand figures represent the projections of the equators of S% x [0, 1].

3-manifold. A cornered Seifert surface for such a tangle T is an orientable

surface F' C Y with corners, where Y is either of B or S? x [0, 1], such that

OF decomposes as the union of 7" and a collection of arcs in the equator(s) of

Y. Such a surface always exists: 7" has an even number of endpoints on each
boundary component of Y so the plat closure p(T") of 7' embeds in Y, smoothly
away from the endpoints of 7. We may then apply Seifert’s algorithm to any
oriented diagram for p(T") obtained by taking the plat closure of a diagram for

T, using arcs in the projections of the equators for the closure, and regarding the
resulting cornered surface as an embedded surface F'in Y (see Figure 25 for an
example). To construct X(7T'), we take Y;! to be the complement of a tubular open
neighborhood of F' N (Y \ nbd(7")) and glue two copies of this space, as we did
with Y above, to obtain a cornered 3-manifold Y} whose codimension 1 stratum
decomposes as Y} = X Uy Onbd(T'), where ¥ is a (possibly disconnected) surface
with #0T boundary components. We then fill Y} with nbd(T') to obtain 3(T').

If T C B? has 2n endpoints, then 93(T') is an oriented surface of genus n — 1.
Similarly, if T C S? x [0,1] has #T N (S? x {0}) = 2m and #T N (S* N {1}) = 2n,

then the boundary components of ¥(7") have genus m — 1 and n — 1. One can
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see this by considering the branched double cover of the 2n-stranded identity
braid idy, in $% x [0, 1], which we may think of as a collar neighborhood of
O0X(T'). This 3-manifold is the product of an interval and the double cover X, of
S? branched along 2n points. Since the ramification index of each branch point is
2, the Riemann-Hurwitz formula tells us that y(3,) = 2x(S?) —2n =2 —2(n — 1)

so g =n—1and X(idy,) = X, 1 x [0,1].

The algebras

In [0S05], Ozsvath-Szabd showed that, for any (based) link L C S, there
is a spectral sequence f(vh(mL; F) = ﬁ(E(L)) They prove this result by
constructing a filtration on ﬁ(Z(L)), associated to a diagram for L, such that

the E'-page of the induced spectral sequence is

P HF(5(Ly)), (3.1)

veE2°

where ¢ is the number of crossings in the diagram, 2 = {0,1}, and L, is

the complete resolution of the diagram determined by v and an ordering of

the crossings. Since each L, is a planar unlink, each summand is of the form

HF (#"-1(5% x S)), where k is the number of components of L, which they show
is isomorphic to C, kn(Ly). They then identify the d'-differential, which is given by
the maps on Heegaard Floer homology induced by the branched double covers of
the saddle cobordisms making up the edges of the cube of resolutions, with the
Khovanov differential. In the case that L is a planar unlink, the spectral sequence

degenerates on the E'-page, so one should expect there to be a Heegaard Floer
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FIGURE 26. The genus 2 linear pointed matched circle.

analogue of the arc algebra H,. Naively, this algebra might take the form

P HF((a'b)) (3.2)

a,bEQn

with multiplication given by the maps induced by branched double covers of
minimal saddle cobordisms. However there are some issues with this construction.
First, the arc algebra H,, and its reduced version H,, have somewhat different
properties as algebras — for example, HH .(H;) is infinite-dimensional while

Hy, =~ Fso HH.(H;) = F — though we will see later that this difference is
only up to a tensor factor of the algebra V. Second, and more seriously, it is not
immediately clear that this construction yields an algebra, or even a generalized
algebra, in a sensible way. We will instead define a chain-level version of this

structure and show that it is, in general, a nontrivial A..-deformation of H,.

Definition 29. The genus k linear pointed matched circle Zj is the pointed
matched circle whose matching M matches the pairs {ay, a3} and {as_2, a4} and,
for each n = 1,...,2k — 2, the pairs {ag,, a2,13} (see Figure 26). Note that Z; is

the usual pointed matched circle for the torus.
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One may naturally view the branched double cover 3(7") of a tangle T in
B? with 2n equatorial endpoints as having boundary parametrized by Z,_; by
using the algorithm given in [LOT16, Section 6.1] to construct an explicit bordered
Heegaard diagram for 3(7"). We recall this construction here for crossingless
matchings, starting with a diagram H for the branched double cover of the plat
closure on 2n points, i.e. the matching consisting of n caps stacked vertically. We
illustrate the n = 3 case in Figure 27. First, draw a vertical line segment with a
distinguished basepoint near its bottom end and, temporarily denoting the plat
closure by a, identify da with [2n] by enumerating the endpoints from bottom
to top. Step 1: to the right of this line draw 4n — 4 horizontal line segments
which each meet it at a single point, two corresponding to each of the endpoints
2 through 2n — 2 in da and one each corresponding to 1 and 2n — 1, and enumerate
these from bottom to top. Step 2: draw pairs of labeled circles representing
handles at the other ends of the pairs of segments labeled 4k + 2 and 4k + 5 for
k=1,2,...,n — 2 and one more pair for the segments labeled 4n — 6 and 4n — 4.
Step 3: draw half-circular arcs to the right of the circles added in Step 2 which
connect the endpoints of the segments labeled 1 and 3 and the pairs of segments
labeled 4k and 4k + 3 for k = 1,2,...,n — 2. Steps 2 and 3 completely specify
the a-curves in H. Step 4: draw a (-circle enclosing all of the circles contained in
each region of the diagram bounded by an a-arc constructed in Step 3. The result
is then a bordered Heegaard diagram for ¥(a).

If b € €, is any other crossingless matching, we may isotope the diagram for
b so that it becomes the plat closure (on the right) by a of a product of cap-cup
tangles (see Figure 28 for an example) which is minimal in the sense that there is

no such presentation of b with fewer caps and cups. Note that, by minimality, no
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FIGURE 27. Construction of a bordered Heegaard diagram for the 6-ended plat
closure. Here, steps 1 through 4 are illustrated from left to right.

) )

FIGURE 28. A crossingless matching on 6 points (left) and its minimal plat
closure-form (right).
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cap-cup pair will involve the bottom-most or top-most strands of this diagram for

b. For each cap-cup pair, we insert a new handle and [-circle of the form

into the bordered Heegaard diagram for the plat closure, where the four a-curves

are the arcs corresponding to the strands in which the cap-cup pair occurs,

provided these strands are not the ones at heights 2n — 2 and 2n — 1. In the latter

case, we instead insert

1

to modify the plat closure diagram. Inserting these handles and [-circles will

always result in a diagram with some number of configurations of handles, a-

curves, and [-circles of the form

where the two [-circles at right come from the original bordered Heegaard diagram

for the plat closure. We may then perform a sequence of isotopies and handleslides

6
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7 7 7 7

6 ©, g 6 —® 6 ©, @ 6
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FIGURE 29. The bordered Heegaard diagram for the matching in Figure 28. Its
destabilized form, at right, is obtained by performing an isotopy and a handleslide,
shown in the two intermediate steps, followed by two destabilizations, which
comprise the last step shown.

of the p-circles coming from the plat closure diagram, starting by isotoping the
bottom-most circle — the one in the region adjacent to the boundary Reeb chord
[1,3] — over the handle it encircles, until any such configuration in the diagram
has been changed to be as at right. In the above schematic, the first step is an
isotopy of a S-circle (which is not pictured in the first diagram) over a handle.
After this sequence of Heegaard moves, each such resulting configuration contains
a connected sum with a standard diagram for S® — here given by the handle
corresponding to the two circles labeled 2, the -circle enclosing the topmost of
these circles, and the a-circle given by the two red line segments between the
circles labeled 1 and the circles labeled 2. We then destabilize the diagram until all

of these standard diagrams are removed to obtain the bordered Heegaard diagram

H,, for X(b) (see Figure 29 for an example).

Definition 30. Given a € €,, let ay € €, be the crossingless matching
obtained by adding a single extra arc below a. Regarding a, as a tangle in B3,
define @(cq) = @(HG), where H, is the bordered Heegaard diagram for
Y.(ay) constructed as above. The branched arc algebra b, on 2n points is then the
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differential algebra

b, = EndA» (@ @77)(@) : (3.3)

aECn

where A, = A(—Z,,0), with algebra operation given by the composition map

Op 1 f ® g go f and the usual morphism space differential.

We will show that the algebras H.bh, and H,, agree. However, we first recall

the following propositions from [OS05].

Proposition 3.1.1 (JOS05, Proposition 6.1]). IfY 2 #5(S2 x S1), then HF(Y)
is a rank 1 free module over N*H{(Y'), generated by the class ©*P € ﬁ(Y)
Moreover, if K C Y is a curve representing an S* fiber in one of the S% x S*
summands, then the 3-manifold Y' = Yo(K) is diffeomorphic to #571(S?x S1), with
a natural identification © : H1(Y)/[K] — H1(Y'). Under the 2-handle cobordism

Wi :Y =Y, the map Fyy, : flf(Y) — EF(Y’) is determined by
Fy (- 0'%) = w(¢) - 07, (3.4)

where O ¢ ﬁ(Y’) is the generator of EF(Y’) as a free N*Hy(Y")-module
and & € AN H(Y). Dually, if K C Y is a local unknot, then the manifold

Y"(K) = Yy(K) is diffeomorphic to #*1(S? x S1), and there is a natural inclusion
i: Hi(Y) — H{(Y"). The map Fy, : ?[F(Y) — ﬁ(Y”) induced by the 2-handle

cobordism Wy : 'Y — Y" is then determined by
Fy(€-0°) = i(§) A [K"] -0, (3.5)

where [K"] € Hi(Y") is a generator of ker(H(Y") — Hy(W3)).
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In the case that Y is given as the branched double cover ¥(D) = #*(5? x S1)
of a planar unlink D = Sy U --- U Sk, where S is a distinguished component with
a basepoint, this proposition furnishes us with the following variation of [OS05,
Proposition 6.2].

Proposition 3.1.2 ([OS05, Proposition 6.2]). If D is a planar unlink with one

—_

based component, then there is an isomorphism p : Cxn(D) — HF (3(D)) which

IR

is natural under cobordisms in the sense that if s : D — D’ is either a single merge

or split cobordism, then the diagram

g 5Kh S g /
CKh(D) #> CKh(D)

wpl le/ (3.6)

ﬁE(s)

HF(S(D)) —% HF(3(D"))
commutes.

We recall the proof of this statement in the case that s does not involve
the marked component. We will not require the case that s involves the marked

component in our proof that the algebras agree.

Proof. For i > 0, let v; be an arc in S from Sy to S; which is disjoint from

D away from its endpoints and let 4; be the preimage of v; in (D). Note

that the preimages of any two choices of v; are homologous in ¥(D). Then, by
construction, {[¥;]}*_, is a basis for H;(3(D)). Using [0S05, Proposition 6.1] and
the identification, given in [OS05, Section 5], of C, kn(D) with the exterior algebra
A*Z(D), where Z(D) is the vector space formally spanned by the unmarked
components [S1], ..., [Sk] of D, the map ¢p is then given by the isomorphism
A*Z(D) — A*H{(3(D)) determined by [S;] — [3i].
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FIGURE 30. After merging S and Ss, the curves 41 and 7, become homologous.

Dually, if T is split into S; U S5, the curve d = 75 — 41 becomes nullhomologous.
If s merges two circles S; and Sy into a single circle T, then, in the

cobordism X(s), the curves 4; and 4, become homologous to the lift of the curve

from Sy to T in X(D’). Commutativity of the above square then follows from

[0S05, Proposition 6.1] and the definition of Cx(s). Dually, if s splits a circle

T into a disjoint union S; U Sy of two circles, then the curve 6 = 35 — F; is

nullhomologous in 3(s) and commutativity of the square follows similarly. ]

Note that if Dy and Dj, are two planar unlinks, D and D’ are the based
unlink diagrams obtained by placing a based circle below each diagram, and D" is
the diagram obtained from DyLID} in the same manner, then there is automatically
an isomorphism Z(D) ® Z(D') — Z(D") because there is a canonical bijection
between the set of unmarked components of D LI D', regarded as a single diagram
with two marked components, and the unmarked components of D” which sends
an unmarked component to itself (see Figure 31 for an example). This then
induces an isomorphism A*Z(D) @ A*Z(D') — A*Z(D"). We are now ready

to prove that H.,h, and H, are isomorphic.

Theorem 3.1.3. Let o,, : H.b, @ H.b, — H.b, denote the operation induced by

oop 0N homology. Then (H.Y,,%.,) = H, as associative algebras.
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FIGURE 31. The canonical identification between the unmarked components of a
diagram of the form D LD’ (left) and the corresponding diagram D" (right).

Proof. Note that we may regard H,, as the algebra

H,= P Cinldbs), (3.7)

a,bec,

where we place a basepoint on the bottom-most circle of aﬂrb+ and regard
C, xn(alby) as the quotient complex wherein the marked component is labeled 1.

The multiplication m on H,, is then given by

m= Y Cxn(Can Uido), (3.8)

a,b,ceC,,

where Cy. : a'bU b'c — a'c is the minimal saddle cobordism.
Note that the pair-of-pants cobordism W : $(a! b} ) LU S(bcy) = X(a'cy)

decomposes as W = X (Cyp. Uidn) o Wy, where
Wy o 2(al b)) UE(biey) = S((a'bLble) U Q) (3.9)

is the connected sum cobordism given by taking the connected sum at the
preimages of the basepoints on the bottom-most circles in aﬂrb+ and b!+c+. We
may decompose Cype L id as a movie P AL P, of planar unlinks, where
P =dbUbcU O, P, = a!+C+ and P, = P;,; is a single saddle cobordism, so that
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Y(Cape Uidey) = X(sk—1) © - - - 0 3(s1). This then allows us to further decompose W

as

W =X(sg_1)0---0X(s1)0 Wy (3.10)

Regarding P; and P, as successive resolutions P; = D;(0) and P,y = D;(1)

of a link diagram D; with a single crossing, there is a commutative square

5Kh(Pi) % CKh( Pi1)

1/%1/ liﬁwrl (3'11)
— Foyy ——
HF (S(P;)) —% HF(S(Pii)),

where 1; = ¥p,() : Cxn(P;) — ﬁ(Z(PZ)) is the isomorphism constructed in the
proof of [OS05, Proposition 6.2] (see page 124). Note that, since the construction
of each v; depends only on the diagram F;, we have ¢;,1 = ¥p,, (o) = ¥p,(1). For
a,b € €, let Yy =Y,

a,by-

We claim that the diagrams

Crn(al b)) @ Crn (B cy) —22 s Crn(P1)

[ (3.12)
HF(S(a b)) © HF(S(, c1)) —2 HF(S(P)

wu.b@wbcl

and

Crn(Capellidpy)

Crn(Py) > Cren(Pr)
wll ) lw'“ (3.13)
HF(S(P)) 00 TR (s(By)
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commute, where fu. : C, xn(a'by) ® C, wn(bcy) — C, xn(a'.cy) is the isomorphism

given by
(d'b L O, v) @ (el O, w) — ((a'bube) U Oy, vUw) (3.14)

for any labelings v and w of a'b and b'c. In other words, fa. is the composite of
the isomorphisms A*g(aim) ® A*Z(bﬂchr) = A*(Z/(aﬂerr) ® E(bﬂrar)) and
A*(Z(aﬂerr) > ’Zv(bﬂrch)) =y A Z((d'bUbe) U O). Here, ﬁw# is the map associated
to Wy, regarded as a graph cobordism (X(a! by ) U (b, cy), {wr, wa}) = (Z(P1), w),
as in [HMZ17, Proposition 5.2]. By [Zem21la, Proposition 8.1], this map computes
the connected sum isomorphism of [OS04a, Proposition 6.1] given on generators at

the chain level by the identification
T,y N T5 = (Tal N Tﬁl) X (T(m N TQQ), (315)

where (3,7,68,2) = (X1, o, 81, 21)# (X2, ag, Bo, 22) is the connected sum of
Heegaard diagrams (X1, a1, B1, 21) and (Xq, g, B2, 22) for X(a' by ) and BV, cy),
respectively, with the connected sum taken at the basepoints z; and z5, and 2z a
basepoint in the connected sum region of 3. More explicitly, ﬁW# is given on basis

elements by
Fuy (6 OF @ - 0)") = €@ &' - 0, (3.16)
where we identify ¢ ® £ with its image under the isomorphism

N H (S by)) @ A H (S(Vcp)) — A Hi(S(d cy)) (3.17)
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FIGURE 32. The bijection ¢ between the arcs for the diagrams a' by Ub ey and P.
Here, o] = (7).

induced by the identification of Hy(X(a by)) @ Hy(X(bycy)) with Hy(E(alcy)),
which we outline as follows. Note that P, is obtained from the doubly-pointed
diagram aﬂrb+ L bLLcJr by merging the two marked components into one. If

Y75, -7} are the arcs from the marked component of aLbJr to the remaining
components and 77,73, ...,77 are the arcs for b, ¢, then there is a natural choice of
bijection o between {7{,73,...,7:} U {373, ...,77} and the set of arcs for P; as

illustrated in Figure 32. We then have an explicit isomorphism

Hy(S(d,b.)) & Hy (S0, ) = Hy(S(P) (3.18)

given by [37] — [57], where &7

is the preimage of o(v!) in (P,).

Now, since ﬁw# agrees with the map of modules induced by the isomorphism
N HL(S(ab1)) © A HL (S0, ¢)) = A HL(S(P), (3.19)

this tells us that ﬁw# 0 (ap @ Vpe) = Yae © fape-
The fact that the second diagram commutes follows immediately from

functoriality of reduced Khovanov and Heegaard Floer homology and the fact that
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the diagram

~ C, S1 = C, L (8 Crn(s -1 -
CKh(Pl) L} CKh<P2) Kh(82) . Kh(Sk )) CKh(Pk)
wll lﬂ)z lwk (3.20)
_ Fon) — Face, oy ) —
HE(S(P)) —2 HE(S(Py)) —22 ... 258 JR(S(Py))

commutes, which in turn follows from the fact that each individual square in this
diagram commutes.

For the sake of brevity, define Mor*"(a,b,) = MorA"(@(aJr), 5177)(19+))
Since o, : Mo (a,b,) @ Mor?" (b, cy) — Mor*"(ay, cy) induces the cobordism

map ﬁw = ﬁg(skfl) o---0Fy,)0 ﬁW# on homology, it then follows that there is an

isomorphism (H.h,,%.,) = H,, of associative algebras since the square

H,® H, i s H,
wwl lﬂ) (3.21)
H*hn ® H*bn L} H*bn
commutes, where v = > )y : H, — H.bh, is the linear isomorphism assembled
a,beC,,
from the 1), O

Formality for A..-algebras

Homological perturbation theory allows one to transfer oo-algebraic
structures on chain complexes along certain types of morphisms. In particular,
it allows one to construct a canonical A,-algebra structure on the homology of an

Ao-algebra.
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Proposition 3.1.4 (Homological perturbation lemma for A-algebras, [KS01]).
Let A= (A, {m}) be an A-algebra and let

hC A < H.A (3.22)
S5

be a retract of A onto its homology H,.A, regarding (A, my) as a chain complex.
That is to say chain mapsp : A — H,A and v : H, A — A, regarding H, A as a

complex with trivial differential, and a chain homotopy h : A — A such that
tp =id + Oh + ho (3.23)
and
pr = id. (3.24)

Then H,A admits an Ax-algebra structure {m;} such that
1. my; =0 and my = (m3'), and
2. there are A, quasi-isomorphisms p’ : A — H,Aand ¢+ : H,A — A and an
Aso-homotopy 2’ : A — A which extend p, ¢, and h.
The structure maps m; : (H.A)®" — H,A[]2 — i] are given by
TeP;

where &; is the set of planar rooted trees with i leaves such that each internal

vertex has degree at least 3, and m?! is given by labeling the leaves of T by t,
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FIGURE 33. Trees contributing to the my4 operation on the homology H,.A of a
differential algebra A.

interior edges by h, vertices by the A, -operations m;‘, and the root by p and
regarding this labeled tree as a composition of morphisms (H,A)®" — H,A. This
Aso-algebra structure on H, A is independent of the choice of p, v, and h up to A-

1somorphism.

Note, in particular, that if A is a genuine differential algebra, then the
only trees T contributing to the A,-operations on H,.A are those whose internal
vertices are all trivalent, i.e. the binary trees. For instance, there are two trees

contributing to ms and the trees contributing to my4 are those shown in Figure 33.

Proposition 3.1.5 ([KS01], Proposition 7). There is a canonical A quasi-

isomorphism q : H,A — A.

Sketch. The map ¢ : H,A — A is defined to be the chain map ¢ while the higher

q; are defined by

w= 3 i (3.20

TeP;

where ¢! is defined precisely as is m] except that, instead of p, we label the root
of each tree T' by the homotopy h. One may then verify that ¢ = {¢;} is such a

map. 0

132



Definition 31. An A_.-algebra (A, m) is called formal if there is an A..-algebra
structure {u;} on H.A with p; = 0 for i = 1,4 > 2, and ps = oy, together with
an A quasi-isomorphism i : (H.A, 1) — (A, m) such that 4; induces the identity
on homology. In other words, if A is formal, then the higher operations on A are

trivial up to a (canonical) quasi-isomorphism.

It is easy to show that b is formal, but we will show that this is not the case

for h,, with n > 1. We first need a couple of technical propositions.

Proposition 3.1.6. Let A, be the weight-0 algebra for the genus n linear pointed
matched circle. There are injective differential algebra homomorphisms L, : A, —

Aps1.

Proof. Consider the injective map ¢, : [4n] < [4n + 4] given by

4 ifi=1
b (3.27)

1+ 4 else.

Given any partial permutation (S,T,0) € A(n+1,—1) and h € [dn+4] N (SUT),

define (S, T,0), € A(n+1,0) by
(S, T,0), = (SU{h}, TU{h}, on) (3.28)

where oy, is the extension of ¢ to SU{h} such that o,(h) = h. Suppose that a € A,

is a basis element which decomposes into partial permutations as
0= (5,10, (3.29)

J=1
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FIGURE 34. The diagrams H,, and H

a4

and define

where ¢! 1 1,([4n]) — [4n] is the inverse of the bijection ¢, : [4n] — 1,([4n]),
extending linearly to obtain a map L, : A, — A,.1. Since the height of each
inserted strand is at most 3, it follows immediately that L,, is injective and that

L,(0a) = OL,(a) and L,(ab) = L,(a)L,(b) for all algebra elements a,b € A,,. O

Proposition 3.1.7. Given a crossingless matching a € €,, there is an F-vector

— — Ay ]
space isomorphism N\, : CFD(ay) — CFD(ayy) such that ; —> x; is an arrow

Ly (Aij)+di5p1,3 . .
TS Nu(=y) is an arrow in the

in the graph F@(M) if and only if \,(x;)

graph F@(GH) )

Proof. The diagrams H,, and H,, . are of the form shown in Figure 34 and we

a4

claim that there is a bijection between the sets of generators for H,, and H,, . .

To see this, note that if x is a generator for H then x € « since x is the

a4+
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© 1

FIGURE 35. Regions adjacent to the basepoint in H,, (both) and #H,,, (right).

at+4

only intersection point on the bottom-most S-circle. Since there is exactly one
intersection point in @ lying on the next lowest [-circle and this point cannot lie
on the same a-arc as x, we also have x* € x. Therefore, we have a decomposition
x = x° U {z, 2"}, where x° is a collection of intersection points in H:. The desired
bijection is then given by ° U {z} +— x° U {z,2*} and )\, is given by extending

this bijection linearly. Note that the labels of the ends of the a-arcs in H, C H

aty

are obtained from the labels of the a-arcs in 1. C H,, by applying ¢, and A,(x)
necessarily occupies the a-arc labeled 2 and 5 but not the arcs labeled 1 and 3 or
4 and 7 so Ip(A(x)) = L,(Ip(x)) for all xz € 517\D(a+). By construction, the
regions inside the (-circles shown in Figure 35 are adjacent to the basepoint in

both H,, and H, . so the only domains contributing to the structure maps 5(;

A+

and 53++ are those supported in ‘H; and the annular domain x — x asymptotic to

p1,3 in both diagrams plus the annular domain z* — z* asymptotic to ps7 in H,,

(see Figure 36). Now, there is a bijection between the sets of domains for index 1
holomorphic disks supported in H; C H,, and domains for index 1 holomorphic

Aij .
This tells us that if ¢ # j, then @; — x; is
Ln(Ag)

disks supported in H, C H

At

Ao(z;) is an arrow in ['=—

an arrow in I'ezs ) if and only if Ao() GFD(a )

CFD(a4+
This bijection, taken together with the existence of the annular domains * — x

Ai+p1,3

and z* — z*, tells us that ®; —" ; is an arrow in F@(a” if and only if

Ln(As)+p1,3+pa,7
) —

Ao (x; Ao(z;) is an arrow in ['— ) Since py7 = Ly,(p1,3), this

CFD(a4++

proves the desired result. O
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aqy Ay =

S
Bl

FIGURE 36. The domains asymptotic to py 3 (left) and p, 7 (right) in H

A+

Lemma 3.1.8. Suppose that ¢ : C — D 1is an injective chain map such that if
z € im(¢) Nim(dp), then z = Opy for some y € im(¢p). Then the induced map
¢« : H(C) — H.(D) is injective.

Proof. Suppose that [z]| € ker(¢.), then 0 = ¢.([z]) = [¢p(x)] so ¢(x) € im(Ip) and,
hence, ¢(z) = Opw for some w € im(¢). Therefore, we have ¢(z) = Ip(d(u)) =
®(0cu) for some u € C. Since ¢ is injective, we then have that © = dcu so [z] = 0.

Therefore, ¢, is injective. [

Corollary 3.1.9. There is a homologically injective embedding A, : b, < b1 of

differential algebras. Moreover, there is a direct sum decomposition

EndA»+ (@ @(a++)> — im(A,) @ im(py 5A,) (3.30)

acel,

of vector spaces with respect to which the restriction of the differential on b, 1 is

block-diagonal. As a consequence, the map (A,). : Hub, — H.b,11 is injective.
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Proof. We claim that the injective linear map A, : b, < b,1 given on a basic
morphism f : @ +— py by the morphism A, f : A(x) — L,(p)Aa(y) is a
differential algebra homomorphism. Note that if g : y + oz is another basic
morphism with A,g : M\(y) — Ln(0)A(2), then, by construction, we have

Ao (f oop g) = Aa(x) = Lp(po)A(2z) and L, (po)A.(z) = Ln(p)Ln(0)A:(2) since
L,, is an algebra homomorphism so A, (f oop ) = Apnf 0op Ang. Therefore, A, is an

algebra homomorphism. Now consider the part

L1 Y1
Aq B
A2 P B2
Z2 T Y Y2
Ak O O B,
A B,
T Ye

of the graph I'cone(s) contributing to df and the corresponding part

Ao (1) Mo(Y1)
\L)n(Al) Lo (Bl)
L,(As L,

Aala) =220 5\ (@) — L2 —> Ao (y2)

. Ly (Ak)

O Ly (Be)

Ln(Az)+p1,3 L, (B )+p1,3

/\a(:ck)
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of the graph I'cone(a, r). We compute

IAnf) =[Aa() = (Ln(Az) + p1,8) Lu(p) Ao (y)]

+ ) Pa(@:) = La(A) La(p)M(y)]

i=1

+ a() = LN(p)<Ln(Ay) + p1,3) Mo(y)]

+ Y (@) = La(p) La(B))Mo(y;)]

j=1

(3.31)

=[\a(@) = Lo(Aep)Mo(W)] + D [Na(@:) = Ln(Aip) Mo(y)]

i=1
14

+ [Aa(@) = Lo(pA)M(W)] + Y [Aa(@) — Lo (pB;)Mu(y;)]

Jj=1

+ [Aa(@®) = praln(p)M(Y)] + [Aa(®) = Li(p)p132(y)],

where the second equality follows from the fact that L, is an algebra

homomorphism. This then gives us

k
N f) =\, [z — Apy] + Z Az — Aipy]

1=1
14

+ Al — pAyyl + > Ao — pBjy;]

Jj=1

+ [Aa(@®) = praln(p)M(Y)] + [Aa(x) = Lin(p)p1326(y)]

=M (Of) + [Ma(@) = [p13, Lu(p) M ()],

(3.32)

where [p13, L,(p)] = p13Ln(p) + Ln(p)p1s is the commutator of py 3 and L, (p).
However, by construction of L,, we have that [p; 3, L,(p)] = 0 forall p € A,
so O(Anf) = A,(0f) and A, is an injective differential algebra homomorphism.

Now note that, again by construction of L,, no element of im(A,,) is of the form
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Aa(x) = pXo(y)], where p € py 34,41 so im(A,) Nim(p13A,) = {0}. Moreover,
since Ip(A(x)) = Ln(Ip(x)) for any € @(0@) and any generator of
@(a++) is of the form \,(x), the only algebra elements acting nontrivially on
the module P, C/'Fb(aJFJF) are those in L,(A,) @ p13L,(A,) C A,y1. Therefore,
if f=[\a(z)— plo(y)] € End?+ <@a€€n @(aJML)) is a basic morphism, then
either p € L,,(A,) or p € p13Ln(A,). Since the basic morphisms form a basis for
EndA+ (@ae% @(a++)>, this shows that

EndA+ (@ 5177)(@++)> = im(A,) @ im(py3An). (3.33)

aECn

Since we have shown that A, is a chain map, to show that the restriction of the
differential is block diagonal with respect to this decomposition, it remains to show
that im(p; 3A,,) is closed under the differential. However, the computation showing
that A,, is a chain map can be readily adapted, mutatis mutandis, to show that
(prshnf) = prsh,(0f). Lastly, note that the morphism spaces Mor?+(c ., d)
are closed under the differential for all ¢,d € €,41 s0o g € h,41 is an element of
im(A,) Nim(0) if and only if g = df for some f € im(A,,). Therefore, by Lemma

3.1.8, the map (A,). is injective. O
Theorem 3.1.10. The differential algebras by, are not formal for n > 1.

Proof. We will show in Section 3.2, by a lengthy but straightforward computation,
that bhs is non-formal with nontrivial ms operation. Since by embeds homologically
injectively in b,, for all n > 1, this proves that b,, is non-formal with nontrivial ms

for all n > 1. [
Before we proceed, we will need a complete description of the algebra A,.
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The algebra As

Consider the genus 2 linear pointed matched circle

. O 3 oo

Z

(3.34)

N W

The matching M : [8] — [4] determining Z is given by M (1) = M(3) = 1,
M(2) = M(5) = 2, M(4) = M(7) = 3, and M(6) = M(8) = 4. The algebra A,
contains six orthogonal idempotents ¢o = I({1,2}), 11 = I({1,3}), 1o = I({1,4}),

13 =1({2,3}), 1y = 1({2,4}), and 5 = I({3,4}), which are depicted below.

A
b= . = .+ +!+
e _ = Naren
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.........

N

i= T e Tl ==

5= L= Lok oLioh o

For a string 0 < ay < as < --- < a <5, define an idempotent t4,45...a, by

k
larasear = D la, (3.35)
=1

and, for 0 < ¢ < j < 7, let p,; be the strands algebra element determined by
the Reeb chord in Z from ¢ to j. In this notation, A, has 28 single Reeb chord
generators. Ay also has 179 double Reeb chord generators pf = 1,0} tp, for

i < k, corresponding to the sets of Reeb chords {[, j], [k, ¢]}. However, many
of these are redundant as they are products of single chord generators. For the
sake of completeness, we list all of these generators, their idempotents, and their

differentials below in Figures 37, 38, 39, 40, and 41.
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P12 = liaP12l3a P1.3 = lo12P1,3lo12 P1.4a = loaP1alas P15 = li2P15l3a
Ipr. =0 Oprs =Pt pra=ps Ip1s = P
.
P16 = lo1P1,6las P17 = lo2pP1,7l3s i P18 = lo1P1,slas P23 = lzaP23l12
Opre=pis+pit+pls Opur=pintpis+oie Opus =Pl + o0+ o0+ 00 0pas =0
P24 = LoaP2,alrs P25 = losaP2,5l034 P26 = losaP2,6l24s P27 = LoaP2,7l1s
Opsa = p3t Opss = P35 + P57 0pa = P35 + P38 Opsr = p3 + p3E
P28 = lozP2sl2s P34 = Lo2Psalss P35 = L12P35l34 P36 = Lo1Pselas
Apas = PY5 + P35 + P38 9psa =0 Opss = P35 Opas = P35+ P33
P37 = lo2P3,7l3s P38 = Lo1P3,8las Pas = lisPasloa Pae = L13Pasloa
Opaz = P35+ P55 Opss = P55+ P55 + 05z 9pas =0 9pse = P
-/ [ % %
Pa7 = lizsPa,7lizs Pas = l13Paglaa Ps.6 = lozPs.elas Ps.7 = loaPs 7lis
Opayr = Pyl + P33 Opas = pis Ops6 =0 Ops.» = pog
/e N e .
Ps.s = LosPsslas Po,7 = L2aPs,7l13 Pe,s = laasPe sl2as Pr.s = lizPrsl2a
Opss = p33 Opsr =0 Opes = pg3 Oprs =0

FIGURE 37. Single Reeb chord generators of As. Dotted horizontal strands
indicate that we sum over all ways of inserting a single horizontal strand at each
corresponding height.
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Pis = topialo PYS = Lopiats  Pis = topist pis = t1pisu
9pi2=0 iz =0 9pi2=0 Ipiz=0
Ny Ny .

PLz=upiits  Pra=upista pln = lopiita PYL = woplits pLn = lopinta PYL = G2piiis
pr; =0 Opr5 =0 Op15 =0 9pi; =0 pr3 =0 Opt; =0

S e . -

. 7% 7 % :

PLs = upiota Pl =Pt PU5 = LopT3lo Pl = pisle PTG = topisi
0p7; =0 Op15=0 p1i=0 Ipt5 =0 Opri =0
N . Ny .

. . /" J: / :

2,8 / 2,8 4.5 7’/: 4.5 4,6 / 4,6 4,7 / 4,7 4.8 / 4.8 5.6 y 5.6
Pils = Lopyst2 Pis = 1Py 50 Pis = L1Py5t2 Pz = L1pPi5l Pils = 1Py 5l2 Pils = Lopylst2
9pi3=0 =0 9pi3=0 9pi;=0 9pi3=0 9pi5=0

D e e D
e ./ . /" D
S /" : /" : f
pis = topiin PYs = topliee PLS = t2pigle PLS = 0plile P = Lopiin
5 =0 3 =0 Ipi;=0 ;=0 i =pis
T A f
PL = tptits PYL = opllts PLL=npiits PLI= upiits L= npiits
=0 p11=0 p1i=0 9pii=0 I3z =0
DR e e ol
PLT = wpTits UL = Loptits PLI=upiits  PTS = toPislo P = LPTss
pii=0 p3=0 9pli=0 Ipiz=p1s Opts =t
pis = topista PYE = LS =Upisla P = UPTES PUS = P
9piz=0 915 =0 Ipiz =0 Ipiz =0 91z =0

FIGURE 38. Double Reeb chord generators of Ay (Part I).
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.

5.6 _ 5.6
Pis = LoPista
apis =0

5.8 __ 5,8
Pls = LoPysta
5,8
apl.s =0

5.7 5.7

Pis = L0PY 53
5.7

ap1,5 - 0

5.7 _ 5.7 6.7 _ 6.7 2,3 _ 2,3
Pile = LOP16ls  Pile = L2P16ls P17z = LopPizt1
5.7 _ 6,7 _ 2,3 _ 2,7

8p1,5 =0 8/)1,6 =0 0p1.7 = Pis

4.5 _ 4.5 1.6 _ 1.6 1.8 _ 4.8
Pz =P 7l3 Piz = UPizls Pilz = L1P1 75
4,5 _ 4,7 4,6 _ 4.7 4.8 _
8/)1,7 =Pis 8p1,7 = Pils ap1.7 =0

9pts = pin

P35 = t3P3500

Op35 =0
e
i

pIs = t3pysle

Op35=0

6,7 6.7 6.8 6,8 7.8 7
Piis = L2Pi5t3  Prs = L2Psta Pils = LiPsta
6.7 6,8 78
apLS =0 8p1,5 =0 8/)1,5 =0

2,5 2,5 2.6 _ 2.6 2.8 _ 2.8
Piz = LopPi-l3 P17z = LoPi7ls P17 = LopPi7ls
2,5 _ 2,7 2,6 _ 2,7 2,8 _
ap1,7 - pl,ﬁ 8p1,7 - pl,s 8p1,7 - 0

5.6 _ 5.6 5.8 _ 5.8 6.8 _ 6.8

7 = LopPylsls P17 = LoPi7ls P17 = L2pPi7ls
5.8 _ 6,8 _

8/’1,7 =0 8pl,7 =0

25 _ 2,5
Pis = LoPisla
25 _ 2,8

oprs = Pis

FIGURE 39. Double Reeb chord generators of Ay (Part II).
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S1y

S5

ps

7
5
p37 =0 Op35 =0

4,5 4,7 4,7
L3Py gl Pilg = L3P36l5
45 _ 4,6 4,7
8/)2,6 = P2l 8p2,6 =0

9pz=0 93 = ras

3,5 3

Pyr = LoPs L3

Pye = t1p35ts S

dp33=0 Op35=0 Op33=0
/ L

Pys = U1Psgta  Pyp = PSils  Pys = Upisla Pyl = Lopysta

Op53 =0 9ps5; =0 dp35 =0 s, =

7.8 7,8
P2la = L3P34l5
7,8
8/’2,4 =0

P = t3pyits
Opy5 =0

9z = ris

3.6 _ 3.6
P57 = LopP37ls
3,6 _ 3,7

8/’2,7 - p2,6

Ip3i=0

P5 = topiits
Op55 =0

3.4 _ 3,4
P25 = LoP2 53
34 _ 3,5

8/)2,5 = P3a

Pas = 133504
4,8
apz,s - 0

_ 6.7 6.8 _ 6.8 7.8 7.8 3,4 3,4 3,5 _ 3,5 3,7 _ 3,7
= L4Polls Poly = LaPsrlsle Pyl = L3P5sla Prlg = LoPolgls Prle = LOP3gla  P3lg = LOP3lels

Op6=0

3,8 __ 3,8
P2z = LoP3 75
dpyz =0

=

4,5 _ 4,5
P3ly = L1P34L3
0p3i =0

.

_ 5.6 5.8 _ 5.8 6.8 _ 6.8 78 _ 7,8
P3a = L0P3als  Pyly = L0P5als  P3ly = L20304l5  Pgly = L1P3540l5

Op33 =0

FIGURE 40. Double Reeb chord generators of Ay (Part I1I).
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P55 =tapglts  pys = t2p55ta Pie = UpPgeta Pyl =11P3els  Pog = LoPyals
Op5i =0 0p5; =0 o35 = pys Opyg = Opls =
P5e = t2pgits Py = 11p5iLs P = upyits
op; =0 0p3s = P33 Op3: =0
P57 = t12p550s  p5F = 11P55ls  Pis = l1P5ala  Pis = L1P54l5
Op3:=0 Ipy:=0 Ip3e = pys Op3E = P33
O e .
- S / :
PLs = wpista  PIT = apints PLs = ePTNa PLY = lspints P : : :
iz =0 iz =0 9piz=0 9pii =0 iz =0 iz =0
% % / f / f
PLE=wsplats  pYe = piois  pLy = wpists  pYs = Lspats  PLE = 3plEls  pYE = LspSats
iz =0 iz=rii  Op2i=0 9pi2=0 Ipii=r17  OPi=002
. el
-z ST
Pee = taplils  pYs = apSils Py =lapiits  PEE = Lapeils ey = LsPgals
s = 9p3z =0 9pi2=0 e =rpsz  Opn=0

FIGURE 41. Double Reeb chord generators of A, (Part IV).
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3.2 The branched arc algebra b,

The branched arc algebra b is the endomorphism algebra

hs = End™ (@ c/*F73<a+>) . (3.36)

acly

The set €3 of crossingless matchings on six points consists of the five planar

diagrams

DA
)a ) , , and >
) )

/
/

(3.37)

/
/

which we denote by a1, as, as, as, and as, respectively. Of these, only a; and ag
are of the form a, for some a € &€, so we restrict our attention to these. As a; is
the one-ended plat closure of the six stranded identity braid, the first part of the
algorithm given on page 120 furnishes us with the bordered Heegaard diagram H;

for ¥ (a;) shown below.

©

<

=)

o

Hy

(3.38)

'S

o/ 9!

[
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[sotope a3 to obtain its minimal plat closure-form as follows.

)
)

(3.39)

Inserting a new handle and S-curve into ‘H; for the cap-cup pair in this diagram,

then simplifying using the destabilization procedure detailed on page 121, gives us

the following Heegaard diagram

s— O

I

6 O—1G) 6
5 G) ~ 5

& 18

for ¥(a;). We now compute @(ai) for i =1, 3.

It is not hard to see that

Hy

—

CFD(ay):

o &9
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(3.41)



has a single generator t = {a, b} with ;¢ = t and supports the following index 1

domains from t to itself:

O &)
NL

] s (3.42)
t 23 ¢ t 25
giving us
@(al) =1 Qpl,aﬂm,? (3.43)

which is to say that @(Hl) = F(t) with 6'(¢) = (p,5 + psr) ® t. This coincides

with the computation in §5.2 of [LOT14b].

—

CFD(as):

By inspection, the diagram

(3.44)

&L
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has a single generator w = {a, b} with ,yw = w and supports the domains

(3.45)

oI
&LH

P1,3 P6,8

giving us

@(ag) = w QP1,3+P6,8 (346)

ie. CFD(Hs) = F(v) with 6 (w) = (p1s + pes) @ w. Strictly speaking, the
structure coefficients for these type-D structures should be of the form ¢;p but if &
is some generator with ;£ = £, then we have that p ® & = p® (1,€) = (pr;) ® € so

this distinction is essentially cosmetic.

The morphism spaces Mor(z, 7)

Given i,j € {1,3}, let

Mor (i, j) = Mor <@(ai), ﬁﬁxaj)) (3.47)
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be the space of Ay-module homomorphisms f : @(Hl) — @(7—[]) Then
ha = Mor(1,1) & Mor(1, 3) & Mor(3, 1) & Mor(3, 3). (3.48)

We compute each summand separately.
Mor2(1, 1)

Since

CFD(ay) = t Qp1,3+p4,7 (3.49)

and t = 11t a basic Ay-module homomorphism f : @(al) — @(al) is
determined by f(t) = pt where p € A, satisfies p = t1pt1. One may verify that the

possible values of p are ¢y, 11, 5¢1, t1ps7t1, and pyl. Therefore, we have

Mor(1,1) = F(f! ., f2,, f*., 1), (3.50)

1,101,109 J1,10J1,1

where

f11,1(t) =t

ff,l(t) = l1p1 511t
(3.51)

3

1,1 (t) = 1P 701t

fl.(#) = pigt

and dimy H,Mor(1,1) = dimy HF (#25% x S') = 4 s0 df = 0 for every generator

f € MOI(L 1) and H*MOI‘(l, 1) = F([f111]’ [f121]’ [f131]7 [f141]>
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Mor(1, 3)

Here, we have

@(ag) = w :)Pl,3+p6,8 (352)

with w = yw so a basic Ay-module homomorphism f : @(al) — @(ag) is

determined by f(t) = pw where p = t1pto. We then have that

Mor(la?’) = IF< 11,37 12,37 13,37 14,37 f15,37 16,3> (3'53)
where

fls(®) = t1psglow fis(®) = piow

f12,3(t) = L1P4sl2W f153(t> = pfjiw (354)

f15(t) = t1prstow 1s(t) = priw

and one may verify that

af113 - f123 af14,3 - f153
dft, =0 off, =0 (3.55)

8f133 = 12,3 af:?,:a - 15,3
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so, as a chain complex, Mor(1, 3) is given graphically by

1 . f2 3

A

1,3 1,3 1,3
: (3.56)

4 \ 5 4 6

1,3 7 J1,3 Y 1,3

where an arrow f!, — f/, means that f/, has coefficient 1 in df},. This complex

has 2-dimensional homology with basis consisting of the classes [f}, + f?,] and

s+ fLa]:
Mor(3,1)

Since

@(ag) = w Qpl,a-l-ﬂe,s (357)

with tyw = w and
CFD(a1) = t Qp1,3+p4,7 (3.58)

with (¢ = ¢, a basic morphism f € Mor(3, 1) is determined by f(w) = pt, where

P = l2pl1 SO

MOI(?)? 1) - F(f:all: f321> (359)
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where

f32(w) = taps nt fia(w) = pit (3.60)

and dimy H,.Mor(3,1) = dimg EF(S2 x S1) = 2 so it follows that df;, = 0f7, =0
and H,Mor(3,1) =F([f:,], [f2.])-

3,1 3,1

Mor(3, 3)

Lastly, since

CFD(Hs) = w Qm,mw (3.61)

with ;w = w, a basic morphism f € Mor(3,3) is given by f(w) = pw, where

p = tapte. Therefore,

Mor(3>3) = F< 31,37 32,3a 33,3’ ris)? (3'62)
where
fog(w) =w fis(w) = 1apestow
(3.63)
fas(w) = tapy stow foa(w) = pliw

and dimy H,.Mor(3,3) = dimg ﬁ?(#QS2 x S1) = 4 so the differential on Mor(3, 3)
vanishes and H.Mor(3,3) = F([fi.], [fi.], [f2.], [fis])-

3,3 3,3 3,3 3,3
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ho and its homology

We now describe by and its homology algebra H.h, explicitly. One may verify
using the above computations that hs has multiplication table with respect to the
basis of basic morphisms as in Figure 42. The algebra H,h, has a basis given by

the homology classes [}, [f7.], [fL] [ [fis + FRals [fls + FRals [fouls [F50)s [sa)s

Lf3.), [fs,], and [f;,]. We define maps p : by — H,by and ¢ : H,hs — ho by

fio= 1]
fio= 1]
flo= 1]

5
1,3i—>0
6
1,3»—>0

32— 1]

o ] a1 [fod]
(3.64)
Lo [fis + 1] ss = [faa]
fia 0 fos = 1154
fia =0 fos = 1154
fis = s+ 114 foo = [fs4]
and
[fi = 1 [fo ] = 1o,
o] = 1 £ = fon
)= f [fasl 7 fos
(3.65)
[fid = i [f3s] = 1o
[fia+ flal = fls [foa] = s
[fis+ flal = fis [fas] = fass
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2 3 5 6

J_ .
S Jiss f1s, f4)" by construction. Now define

respectively, so that (p = id on (
h : by — ba by h(f?,) = f7, and h(f},) = f7, and by zero on all other generators.
Then (Oh + k) = id on (f!,, f2,, 2., f,) and by zero on (f},, f2,, [T, f2,)* so
we have tp = id + dh + h0. Note that po = id by construction so p, ¢, and h
satisfy the hypotheses of the homological perturbation lemma. Using this retract,
the homology algebra H,h, has multiplication table as given in Figure 43 which
we compare to the multiplication table for Hy given in Figure 44 (note that we
have used a nonstandard F-basis for Hy). By inspection, the two tables coincide
so identifying basis elements row-by-row provides us with an explicit algebra
isomorphism (H.h2,%,,) = Hs. Note that, under this isomorphism, the basis

elements for H,h, sitting in the summand H,Mor*2(a_, b, ) correspond to basis

elements of Hy sitting in the summand Cgy(a'b). One may verify directly that

ma([fsls [fis + fial fas]) = [f3a]- (3.66)

Note that ma([fi, + f2,), 2]) = ma(lfi,], [fi + 2,]) = 050 the sequence
of homology classes [f; ], [f!, + fi.],[fi,] € H.by is Massey admissible in the
sense of [LOT15, Definition 2.1.21]. One may then check that, for this sequence,
the cycles & ; = qj—i(®ip1,- -+ ,a;), where oy = [f} ], a0 = [fl, + f.], and
as = [fi,], are o1 = fi, &2 = 0,&3 = fi,, and &3 = f3, so the cycle

3 4

> &oxék,3 representing ms([f; ], [fi.], [fi.]) is f3,. Since this representing cycle
0<k<3

is independent of the choices of the ; ; by [LOT15, Lemma 2.1.22], this shows that

bho is not formal. This finishes the proof of Theorem 3.1.10.
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3.3 Splitting results for Khovanov’s arc algebras in characteristic 2

In this section, we prove that if R is a ring of characteristic 2, then
Khovanov’s arc algebra H,, over R on 2n points admits a tensor product
decomposition H, =~ H, ®p R[z]/(z?) as algebras, where H, is the reduced
arc algebra over R on 2n points. We also prove a similar result for Khovanov’s
bimodules for tangles and show that no such splitting exists over Z.

For now, fix an arbitrary base ring R. Recall that the arc algebra H,, over R

is the unital associative graded R-algebra

H,=q" P Cxnla'b), (3.67)

a,b€€n

where a' is the result of flipping a across the vertical axis, a'b is the result of
gluing @' and b along their common endpoints, and Cg, : Cob™ — R — Mod

is Khovanov’s TQFT whose value on a single circle is given by
Crxn(O) =V = Rlx]/(2?) (3.68)

as a commutative Frobenius algebra with comultiplication defined on generators
by A(l) =1®z+2®1and A(z) = z ® x. The elements 1 and x are endowed
with an integer-valued quantum grading by taking gr (1) = 1 and gr,(z) = —1 and
the formal power ¢~ in line (3.67) denotes a shift in this grading by —n. We take
the convention that Hy = R. The algebra structure on H, is given by applying
the functor Cgy, to the minimal saddle cobordisms ¥, : a'bUbec — a'c. More

precisely, if v and v’ are labelings of the components of a'b and b'c, respectively,
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then the product (a'b,v)(b'c,v') is given by Kh(Zqp.)(v L") and products of the

form (a'b, v)(c'd,v’) for ¢ # b vanish.

Definition 32. Given a crossingless matching a € €,, we distinguish the bottom-
most of its 2n endpoints as a marked point. The reduced arc algebra over R on

2n-points is then the associative graded R-algebra H,, defined by

Hy=q" P Crala'b). (3.69)
a,bEQn
Here, C, kn denotes the reduced Khovanov complex given by the choice of basepoint
as the quotient complex in which the marked component of every generator is

labeled with a 1 and the entire complex is endowed with a quantum grading shift

of —1.

Lemma 3.3.1. Let m : ﬁn ® ﬁn — ﬁn be the map induced by multiplication on

H,. Then (fln, m) is a graded associative unital algebra.

Proof. Tt is straightforward to see that the subgroup I, C H, generated by
elements in which the marked component is labeled by z is a homogeneous two-

sided ideal. The statement then follows from the fact that ﬁn =H,/I,. O

3.4 The Splitting Theorem

Given crossingless matchings a,b € €, let kg € my(a'b) be the marked
component of a'b and define 7, (a'b) = mo(a'b) \ {ko}. We define a linear map

A I;Tn ®V — H, as follows. Let

B.= | {(a’b,v)|v c {1,x}ﬂ*<a’b>} (3.70)

a,beC,
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be the “standard” basis for f]n consisting of two crossingless matchings a,b € €,
and a labelling v : m,(a'b) — {1, 2} of the unmarked components of a'b by either 1
or . The marked component of a generator of H, will always implicitly be labeled
by 1 but, in light of the following, it will be convenient to think of the labeling
restricted to unmarked components only. Given a basis element (a'b, v) € gn and
s € {1,z}, let (a'b,v), € H, be the result of extending the labeling v to all of

mo(a'b) by taking v(ko) = s. Now define
X(d'b,v) = {k € T, (a'b)|v(r) = z} (3.71)

and, for a component x € X(a'b,v), define (a'b,v,) € H, by taking v.(ko) = =,
v.(k) = 1, and v, (k') = v(x’) for all other components . In other words, (a'b, v,)
is the result of labeling the marked component by x and relabeling x with 1. We

then define A on basis elements (a'b,v) ® s € B, ® {1,z} by

| (a'b,v), ifs=uz
A(a'b,v)®s) = (3.72)
(a'b,v); + > (a'b,v,) otherwise.
KkEX(a'b,v)

Example 11. Letting hollow and solid dots represent the labels of components via

the convention o = 1 and e = z, if

(@h.v) =

S (3.73)
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i.e. a = b is the first of the crossingless matchings in €, depicted in Figure 8 and

v : m.(a'b) — {1, 2} is the map taking the unmarked component of a'b to =, then
! Q0
AM(a'b,v)®1) = ot o (3.74)
and
| Q
AM(a'b,v)®@x) = o (3.75)

Lemma 3.4.1. \ is a graded R-linear isomorphism.
Proof. Note that the set

B.= {A((a!b,v) ® s)v e {1,2)}™@ s e {1,;5}} (3.76)

a,beCn

forms an R-basis for H, since there is a block lower-triangular matrix of the form

(ig i%) , (3.77)

where B is a square matrix with entries in {0, 1}, taking the standard basis

B = | {(a’b, v)|v e {1,x}”°(a!b)} (3.78)
abee,
for H, to B,. Here, we order B so that those basis elements with v(kg) = 1
appear first in the ordering. Now we have rkaNln ®r V = rkgH, so \is
automatically an R-linear isomorphism since commutative rings have the invariant
basis number property and both Ig'n ®grV and H, are free as R-modules. Note that

gr,((a'b,v) ® 1) = gr,((a'b,v)1) = gr,((a'b,v.)) for any k € X(a'b,v) since each
163



of these has the same number of tensor factors of 1 and x. For the same reason,
we have gr, ((a'b,v) ® z) = gr ((a'b,v),) so A preserves quantum gradings and is,

therefore, a graded isomorphism. ]

Theorem 3.4.2. If R is a ring of characteristic 2, then X is a graded R-algebra

1somorphism.

Proof. We have already shown that ) is a graded linear isomorphism so it suffices

to show that it is multiplicative, i.e. that

M(a'b,v) ® s))AM(be,v") ® s2) = M (a'b, v)(b'e, v") @ s155). (3.79)

We do this by dividing into cases — note that we do not need to consider products
of the form (a'b, v)(c'd,v') for b # c since these are always zero in H, and,

therefore, also in H,.

Case 1: s1 = sy = x. By far-commutation of saddles, we may always arrange for

the marked components to merge first. Since 22 = 0, we have
(a'b, v) (be,v), =0, (3.80)
ie. 0= A((a'b,v) @ 2)((t'c,v") @ 1)) = M(a'b,v) ® 2)\((b'c,v') ® x) for any basis

elements (a'b, v), (b'c,v') € B,.

Case 2: s1 = 1 and s, = x. Next, consider \((a'b,v) ® 1)A((b'c,v') ® z): this is
equal to (a'b, v);(b'c,v"), since (a'b, v,)(b'c,v'), = 0 for any K € X(a'b,v) as the
marked components of both elements in this product are labeled x so their merger

creates a label of 22 = 0. Now suppose that the product (a'b, v)(b'c,v’) in H, is
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given as a linear combination of elements of the basis gn by

(a'b,v)(be,v) =) (a'e, ). (3.81)

i

We claim that

(a'b,v);(be,v), = Z (a'c,v! Z/\ (a'c;v!) @ ). (3.82)

Note that, under the saddle cobordism a'b LI b'c — a'c, if the marked components
merge and do not subsequently split, then this is true automatically. Otherwise,
in H,, any splittings of the marked component produces some number of new
components in the summands (a'c, v!), each of which is labeled x. In H,,, after
the first merger occuring in the saddle cobordism, the marked component of
(a'b,v)1(b'e,v'), becomes labeled by = and any subsequent splittings produce the
same new components as before, each of which is again labeled by z since we have

A(x) = x ® z. Therefore, we have
AM(a'b,v) @ DA((be,v') @ ) = M((a'b,v) @ 1)((be,v") @ x)), (3.83)

as desired.

Case 3: s1 = x and sy = 1. It follows from the previous case that
AM(a'b,v) @ 2)A((be,v') ® 1) = A((a'b,v) @ z)((b'e,v') @ 1)). (3.84)

To see this, note that the algebra anti-automorphisms (—) : H,®V — H,®V and

(=) : H, — H, given in both cases by (a'b,v) = (b'a,v) satisfy A\((a'b,v) ® s) =
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FIGURE 45. An example of Kh(X)(v) (left) and IA(iL(Z)('v) (right) in which the
two differ.

A((a'b,v) ® s) by construction. It is then straightforward to show that

M(a@h, v) @ DA, o) @ 1) = A(((a', v) @ 2)((Be, o)) @ 1)) (3.85)

by a direct computation using Case 2.

Case 4: s1 =83 =1. Let ¥ : ¢ — ¢ be a connected, orientable, 2-dimensional
cobordism, where ¢ and ¢’ are disjoint unions of planar circles. Recall that if v and
w are labelings of ¢ and ¢ by {1, z} then w occurs as a summand in Kh(X)(v) if
and only if g(¥) = 0 and #,v + #,w = 1. Here, for a labeling u, the quantities
#1u and #,u are the number of components labeled 1 and x by w. The same
holds true for ﬁz(E)(v) subject to the constraint that only those v and w which
label the marked component 1 are permitted (cf. Figure 45). Now suppose we

are given generators (a'b,v) and (b'c,v’) of H, and consider the minimal saddle
cobordism ¥ : a'b U b'c — a'c. We claim that )\([f(vh(E)(v Uo')®1) = Kh(E)(A®
AMvUv')®1)).

Subcase 1. We first consider the case that v U v’ labels all of the incoming circles
of the component ¥, of ¥ which contains the marked incoming circles by 1. In the

reduced product ﬁz(Z)(v L"), each w occurring as a summand labels the marked

outgoing circle by 1 and any other outgoing circles of X, by x. The unreduced
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product Kh(X)(v U v') consists of these terms plus terms in which the marked
outgoing circle is labeled x and exactly one of the remaining outgoing circles of >,
is labeled 1. The summand of A(ﬁz(E)(v Uo')®1) consisting of ﬁz(Z)(v Uo') and
those terms obtained only by summing over the x-labeled outgoing circles of ¥, is
precisely Kh(X)(v U v’). It thus suffices to show that the remaining terms either
come in cancelling pairs or come from swapping the label on a marked incoming
circle of ¥ with that of an x-labeled circle. Consider a connected component ¥

of ¥ \ X,. If the incoming circles of ¥; are all labeled 1 and ¥; has ¢ outgoing
circles, then any labeling w; of these circles occuring as a sublabeling of a term

in 1?}3(2)(1; LI v') labels ¢ — 1 of them by x and one of them by 1. Moreover, if w
is a summand of la(Z)(v U v’) and w; occurs as a sublabeling of w, then every
possible labeling w’ obtained from w by permutating w; occurs exactly once as a
summand of f(vh(Z)(v LI v"). Now, for any labeling w and sub-labeling w; of the
outgoing circles of ¥; and any choice of x-labeled component x coming from w,
there exists a w’ and w] such that w and w’ agree away from w; and w] and a
choice of z-labeled component £’ coming from w/ such that the labelings w, and
w’, agree. All such choices come in pairs so the summands of )\(ﬁz(Z)(v Uv')®1)
coming from summing over the z-labeled outgoing circles of ¥; cancel.

Note that if more than one incoming circle of ¥ is labeled x, then we have
ﬁz(Z)(vl_lfv’) = 0. On the other hand, we also have Kh(X)(A@ A((vUv")®1)) =0
since either more than two of the incoming circles is labeled x — in which case
applying Kh(X) to every term of A ® A\((v Ll v') ® 1) yields zero — or exactly
two are, call them x and ’. In the latter case, the terms Kh(3)((v U v),) and
Kh(¥)((vUv'),) agree and, hence, cancel modulo 2. If exactly one of the incoming

circles ko of ¥ is labeled by x, then every outgoing circle of ¥ is also labeled z.
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If, as before, ¥; has ¢ outgoing circles Ky, ..., k¢, then the summand ﬁl(E)(’U L

V), +- + }/(Vh(Z)('v Uv'),, of )\(i(\l/L(E)('v Lv') ® 1) coincides precisely with the

¢

summand Kh(X)((v U v'),,) of Kh(X)(A @ A((v U v') ® 1)). Therefore, we have

AKR(E) (v U ®1) = KA(Z)(A @ A((v Uv') ® 1)).

Subcase 2. If at least one of the incoming circles of the component ¥, is labeled x,
then f(vh(E)('u LI v") ® 1 necessarily vanishes. If more than one of these incoming
circles is labeled x, then, as before, every term of A\((v U v') ® 1) necessarily also
labels at least two of the incoming circles on this component by x so we also have
that Kh(X)(A @ AM(v U v') ® 1)) = 0. If exactly one incoming circle kg of ¥, is
labeled x — assume for simplicity that this label comes from v — then the terms
of A @ A((v Uv') ® 1) consist of v U v', v, U v, and terms of the form v, U v,

v U, and v, U v, where x and «’ are incoming circles of a component of ¥ ~\ 3,
labeled = by v and v', respectively. In Kh(X)(A((vUv")® 1)), the first two of these
terms contribute two identical and hence cancelling terms since we are working in
characteristic 2 and the remaining terms contribute 0 since > merges at least two

z-labeled circles in those cases.

Example 12. Using the same convention for hollow and filled dots as before, in

©)(@)-9 o

]:jg ® V', we have
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while in H3, we have

@@:%LCEL 55

C?+C§>+=C§>1+ > ?K=A<?®1>. (3.88)

and

Example 13. In PNIQ ® V', we have

(8@1) (@@1) =0 (3.89)

while

M(Se1)r (Do) =(8+8)
:29 (3.90)

modulo 2, which shows that A\ cannot possibly be a multiplicative map in

characteristics other than 2.

Example 14. We consider two more examples to exhibit some of the phenomena

that can occur when comparing m o (A ® ) and A o m in characteristic 2. Suppose

(ayby, v) = (3.91)
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and

(ber,v') = , (3.92)

((a}br,v) @ 1)((be,v) @ 1) = < + > ®1 (3.93)

A((aibr, 0) @ 1)((bier, o) @1)) = - + 2
(

modulo 2. On the other hand, we have

Al(ahby, v) ® DA((byer, o) ©1) =

This is an instance of the first part of Case 4, Subcase 1, in the proof of the main

(aybs, w) = @ (3.96)
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3.94)

(3.95)

theorem. Similarly, if



and (byep, w') = (bic1,v'), then we have

((abbs, w) ® 1)((bhea, w') @ 1) = ®1 (3.97)

A(((ahs, w) @ 1)((byep, w') @ 1)) = + + (3.98)
while
M(abby, w) ® 1) = @ + (3.99)

M(aybe, w) @ DA((Bhes, w') ©1) = (@ ! )
(

This is an instance of the second part of Case 4, Subcase 1.

3.100)

Bimodules of planar tangles

Now suppose that T is a planar (crossingless) (2m, 2n)-tangle diagram and

let

Cin(T)=q" P Cru(a'Th) (3.101)

aECm ,bE@n
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be the associated (H,,, H,)-bimodule. Choose either the left bottom-most endpoint
or the right bottom-most endpoint of 7" as a marked point for every a'Th and
denote the corresponding reduced bimodules by @L(h(T) and @@h(T), respectively.
We define a map AL : CL,(T) @ V. — Cxu(T) as follows: given a labeling

v : m.(a'Th) — {1,2}, let X(a'Th,v) denote the set of all components of a'Th

labeled x by v. We then define

(a'Th,v), ifs=ux
MoA(a'Th,v) ® 5) = (3.102)
(a'Tb,v); + >, (a'Th,v,) otherwise,
KEX(a'Th,v)

where, as before, (a'Th, v), and (a'Tb,v,.) are the elements of Cgy,(T') obtained

by labeling the marked component by s and by swapping the label of £ and

the marked component, respectively. We define A\¥ similarly. Note that if the
bottom left-most and bottom right-most endpoints of 1" are on the same connected

component, then the two maps coincide.

Proposition 3.4.3. If R is a ring of characteristic 2, then AL (resp. \%) is a
graded linear isomorphism intertwining the left ﬁ[m ® V- and H,,-module (resp.
right H, ® V- and H,-module) structures on C%,(T) @ V (resp. CE (T) @ V) and

Cxn(T). However, they are not bimodule isomorphisms in general.

Proof. The proof for both is essentially identical to the proof of Theorem
3.4.2. The example that follows shows that A’ and A\¥ need not be bimodule

isomorphisms when they are not equal. ]
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_ 2C QO
Example 15. Let T' = 3¢ 00

right-actions of the elements @, @ € H,: we have that

(@530

and

. L(Q0_\ (2[00 00 00
A (@W)A (®o®1)_@<®o+oo+09>
=2(Se

0

modulo 2, as expected, and, on the other hand, we have

(5501) (D) -»

while
(oo (De1)=(33+35+88)
RO DA,

£0

so AF is not a right-module homomorphism, even in characteristic 2.
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and consider € @L(h (T'). Consider the left- and

(3.103)

(3.104)

(3.105)

(3.106)



3.5 Z-coefficients

We will now show that there is in general no such decomposition of arc

algebras over Z. To that end, let

a:a8+bg+cé> +d@ +e+f@

be an arbitrary central element in H,. Then we have

0= [+ @] =D -a@

so ¢ =d = 0. It then follows that

so a = e. Therefore, « is of the form

a:a(g—l—)—l—bg—l—d@.

One can check that both 8 and @ are themselves central so

Z(ﬁ2)22<g+,8,@>.

(3.107)

(3.108)

(3.109)

(3.110)

(3.111)

Now, since H, and V are both free as abelian groups and V' is commutative, we

have Z(Hy @ V) = Z(Hy) @ V.

In [Kho06], Khovanov showed that the only invertible central elements of

degree 0 in H,, with Z-coefficients are +1 and, as a consequence, that if M is an
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invertible complex of graded H,,-bimodules, then the only degree 0 automorphisms
of M are £id. The same argument holds, mutatis mutandis, in characteristic 2 to
show that the only degree 0 automorphisms of H, ® V and H, are the respective
identity maps. In particular, this tells us that if there were a graded algebra

isomorphism A : ﬁg ®V — H,, then A = A modulo 2 so

. ® Q0O
F.-A(Q®1)—s®+to (3.112)

for some s,t € {+1}. Now I is central since A is an algebra isomorphism so
0— {r, é)] = (s+12) (3.113)
and hence t = —s. Up to composing A with —id, we may assume s = 1 so
r— 8 _ g. (3.114)

On the other hand, we have

2
(g @1) 0 (3.115)
so we would have to have
0=1%= —28, (3.116)

which is false. Therefore no such isomorphism can exist. Now note that f[g@V and
H, include into I:jn ® V and H,, respectively, as subalgebras :T; ® V and J, for any

n > 2 by stacking n — 2 round 1-labeled circles above every generator. If we had a
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Z-algebra isomorphism A : f]n ®V — H, and e € ]:ln is a minimal idempotent, i.e.
e = (a'a, 1) for some a € €,, then we necessarily have that A(e ® 1) = 4e; since
Ae ® 1) = e;. This tells us that the restriction of A to J, @ V would give us an
algebra isomorphism <72 ® V' — Jy but we have shown this is impossible. Therefore,

there is no graded Z-algebra isomorphism f[n ®V — H, for any n > 1.

Further Directions

In [Wan21], Wang showed that there are bigraded R-module isomorphisms
KR,(L;R) = KR,(L; R) ®, R[z]/ (")

relating the unreduced and reduced Khovanov-Rozansky sl,-link homologies

(cf. [KhoO4, KRO8]) whenever R is a ring of characteristic p. Analogs of the arc
algebras in the setting of sl, homology, the sl,-web algebras, were introduced by
Mackaay-Pan-Tubbenhauer, in the p = 3 case, and Mackaay in [MPT14, Mac14].
There is also an annular version of the arc algebra which was studied by Ehrig-
Tubbenhauer in [ET21].

In [ORS13|, Ozsvéath, Rasmussen, and Szabé defined an “odd” version of
Khovanov homology using an exterior version of the Frobenius algebra used in
the original construction. This invariant also categorifies the Jones polynomial
and agrees with ordinary Khovanov homology modulo 2. As in the characteristic
2 case, there is a splitting of odd Khovanov homology with Z-coefficients (cf.
[ORS13], Proposition 1.8). Moreover, other properties of Khovanov homology
in characteristic 2 can be realized as the mod 2 reduction of a property of odd

Khovanov homology. For instance, Wehrli proved in [Weh10] that Khovanov
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homology with F-coefficients is mutation invariant and this was shown by Bloom
for odd Khovanov homology in [Blo10]. The odd analogues of the arc algebras and
bimodules for tangles were studied by Naisse-Vaz in [NV16] and Naisse-Putyra in
[NP20], respectively. Unlike the ordinary arc algebras, however, odd arc algebras
are only associative up to a sign depending on the elements being multiplied.

In [KR20], Khovanov and Robert studied an equivariant deformation V,, of
the TQFT V, defined over the ring R, = Zlao, a1] = Hpy ),y (Pt) as an Ra-

algebra by
Vi = Rala)/ (2 = o) (& = 1)) = Hj 100 (5%) (3.117)

with comultiplication given by

l»ler+z]l—(ap+ag)l®1
(3.118)

rT—rQRxr— oyl ® 1.

This TQFT defines a link invariant in the same way as does V' and, taking
different values for the parameters o and «a; at the chain level, one can recover
both Khovanov and Lee homology. One may define deformed arc algebras H and
f[g analogous to the unsual ones. However, even in characteristic 2, the naive R,-
linear extension of \ to a map I?If; ® V, — H is not multiplicative. For example,

letting h = ap + oy and t = apay for the sake of brevity, in ]:l:? ® V., we have

(@)(G*)
Fo e e)e)
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SO

((@)(©))
S RSN N

On the other hand, in HS, we have

96 |

= (h* +1t) ‘+h<@ ‘ ‘>+C;>++C§>

()G N(O )G o

In light of the present result, it is natural to ask whether or not there are splittings

(3.120)

(3.121)

SO

analogous to ours in each of these settings: in characteristic p for the sl,-web
algebras, over Z for the odd arc algebras, and in characteristic 2 for the annular
arc algebras, respectively. In the equivariant setting, this would take the form of
an algebra isomorphism A : ﬁ,ﬁf ® Vo — HS in characteristic 2 which recovers X if

we take ag = a; = 0.
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